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Abstract. — In the seventies, V. G. Drinfeld proved that a moduli problem of deformations by
quasi-isogenies of certain p-divisible groups with extra actions is representable by an explicit semi-
stable model of the p-adic symmetric space. This theorem, known as Drinfeld’s representability
theorem, has been one of the cornerstones of geometric aspects in p-adic Hodge theory. The purpose
of these notes is twofold. On the one hand we give a new and more transparent proof of Drinfeld’s
representability theorem; on the other hand, we give a detailed presentation of Drinfeld’s moduli
space and the formal model of the p-adic symmetric space.

1. Introduction

Let p be a prime number and E be a finite extension of Qp. Let d ⩾ 2 be an integer, the
p-adic symmetric space is the rigid analytic space over E defined by

Hd
E := Pd−1

E \
⋃

H∈HE

H,

where Pd−1
E is the projective space of dimension d− 1 over E, viewed as a rigid analytic space,

and the union runs over all E-rational hyperplanes. If d = 2, H2
E = P1

E \P1(E), which is a p-adic
analog of the Poincaré half-plane P1

C \P1(R). One of the crucial properties of the Poincaré half-
plane is that it parametrizes certain abelian groups, in the sense that, to any τ ∈ P1(C)\P1(R),
we can associate a complex elliptic curve

Eτ := C/Λτ , where Λτ := Z⊕ τZ ⊂ C is a lattice.

In the 1970s, Drinfeld [29] proved a remarkable theorem that characterizes Hd
E in a similar

way. More precisely, he proves that a semi-stable formal model(1) of Hd
E represents a formal

moduli problem of (deformations by quasi-isogenies of) certain formal abelian groups called
special formal OD-modules (or SFD for short). In an analogous way to the complex case, the
main point of this construction is to associate to (a deformation by quasi-isogeny of) an SFD a

certain “lattice”(2). Unfortunately, unlike the complex case, the construction of these “lattices”
is not as straightforward and illusions of the analogy quickly fade away.

Drinfeld’s original paper [29] was fairly short, and the details of his proof were spelled out by
Boutot and Carayol [15] in the case d = 2. For d > 2, although the details of Drinfeld’s proof

have surely been fully worked out, there is not, to our knowledge, any exhaustive account(3) in
the literature.

This work was supported by the Morningside Center of Mathematics, Chinese Academy of Sciences.
(1)The construction of this model is attributed to Deligne, who personally communicated it to Drinfeld (cf. [54]).
(2)More precisely, it is a chain of lattices in Ed, each embedding in a compatible way in Cp = ̂̄E.
(3)Nevertheless, see [56] and [33] for some details.
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The consequences and influence of Drinfeld’s theorem are immense. In particular, it allows
one to define Drinfeld’s tower, a system of GLd(E)-equivariant étale coverings Mn

Dr → Hd
E

indexed by n ∈ N.
In order to give a sense on the importance of this construction, but without pretending to be

exhaustive, let us cite a few applications:

• For d = 2, the p-adic half plane p-adically uniformizes quaternionic Shimura curves; this
theorem is known as the Cherednik–Drinfeld theorem. Based on Cherednik’s work [20], a
sketch of the proof appears in Drinfeld’s original paper [29], and the details are also spelled
out by Boutot and Carayol [15]. This result in itself has been a crucial input in various
number theory developments, ranging from p-adic L-functions [8] to Kudla’s program [49].

• For ℓ ̸= p a prime number, the ℓ-adic cohomology of Drinfeld’s tower encodes the classical
local Langlands correspondence and the Jacquet–Langlands correspondence for GLd(E) [12],
[44], [25]. These statements were conjectured by Carayol [18], who proved the d = 2 case
[17]. Carayol dubbed this program non-abelian Lubin–Tate theory but it is now also called

Carayol’s program(4).

• For d = 2 and E = Qp, the p-adic étale cohomology of Drinfeld’s tower encodes the p-adic
Langlands correspondence [24] for GL2(Qp). This opened the path for the p-adic Carayol
program, which initiated the geometrization program of the p-adic Langlands program.

• In chromatic homotopy theory, the computation of the p-adic proétale cohomology of Drin-
feld’s symmetric space [23] has led, through Drinfeld’s theorem, to the proof of the rational
chromatic splitting conjecture [16].

Let us just mention that many of these applications also involve the isomorphism between
Drinfeld’s tower and the Lubin–Tate tower. The original proof of this two–tower isomorphism,
sketched by Faltings [30] and detailed by Fargues [33], made heavy use of Drinfeld’s theorem.
Later, this theorem was widely generalized by Scholze–Weinstein [60].

On the other hand, Drinfeld’s theorem opened the way to studying moduli spaces (of quasi-
isogenies) of p-divisible groups with extra structures. In their book [56], Rapoport and Zink
show that these moduli problems are representable by formal schemes, known as Rapoport–Zink
spaces. Later, these spaces were generalized to local Shimura varieties [55] allowing further,
conjectural and effective, generalizations of both the ℓ-adic and p-adic Langlands program.
Needless to say, Drinfeld’s theorem is one of the most influential statements in p-adic aspects
of arithmetic geometry in the last century.

In this paper, using modern techniques in p-adic geometry, we give a new proof of Drinfeld’s
theorem. Although experts might grasp the main ideas fairly quickly, we took the opportunity to
spell out some details and make the presentation more accessible to non-experts. This justifies
the length of the paper, which we hope may serve as an introduction to some classical topics,
as well as a reference on Drinfeld’s theorem.

1.1. Drinfeld’s representability theorem. — Let us state Drinfeld’s theorem.
First, we quickly recall the definition of Drinfeld’s moduli space (cf. Section 2). Let Ĕ be

the p-adic completion of the maximal unramified extension of E, and let Ŏ ⊂ Ĕ be its ring of
integers. Let D be the central division algebra with invariant 1/d over E, where d ⩾ 2, and
let OD ⊂ D be its maximal order. A special formal OD-module is a formal p-divisible group
endowed with an action of OD and whose Lie algebra satisfies a certain special condition (cf.

Definition 2.2). Let X be a special formal OD-module of height d2 over F̄p(5). Drinfeld’s moduli

(4)This name is preferable since the term “non-abelian Lubin–Tate theory” can be confused with a similar
enterprise for the Lubin-Tate tower.
(5)There is a unique one up to isogeny (cf. corollary 2.16) and this choice does not affect what follows. Nevertheless,
we make the most convenient choice for us (cf. §2.2.1).
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problem is the functor on NilpŎ, the category of Ŏ-algebras such that p is nilpotent, defined by

(1.1) M̆Dr : R ∈ NilpŎ 7−→

(X, ρ) |
X a special formal OD-module over R,

ρ : X⊗F̄p
R/p 99K X ⊗R R/p

an OD-linear quasi-isogeny

 .

Since GLd(E) agrees with OD-linear self quasi-isogenies on X (cf. Corollary 2.16), it naturally
acts on this functor for g ∈ GLd(E) by (X, ρ) 7→ (X, ρ ◦ g−1).

On the other hand, let Hd
O be Deligne’s semi-stable formal model of Hd

E (cf. Section 3). It is

naturally endowed with an action of GLd(E), which induces the inverse of the standard action(6)

on Pd−1
E . Moreover, we consider Hd

Ŏ
:= Hd

O⊗̂OŎ, its base change to Ŏ and

(1.2) H̆d
Ŏ

:=
⊔
Z
Hd

Ŏ
= Hd

Ŏ
× Z

such that GLd(E) acts via translation by the valuation of the determinant on the second com-
ponent. The theorem is the following:

Theorem 1.1. — There is a GLd(E)-equivariant isomorphism of formal schemes over Ŏ

M̆Dr
∼−→ H̆d

Ŏ
.

Remark 1.2. — Bartling [3] gives a different proof of this theorem for d = 2 using display
theory as presented by Zink [64]. His strategy is to write down the universal display locally on
H2

Ŏ
and then glue it. Even though this approach seems promising, and has the advantage of

being very explicit, it appears to be much harder to write down the gluing data for d > 2.

Let us mention that this isomorphism is compatible with Weil descent datum (cf. §6.3),
essentially because it is GLd(E)-equivariant.

1.2. Sketch of the proof. — In the remainder of this introduction, we will forget about the
components and the Weil descent. LetMDr ⊂ M̆Dr be the subfunctor of pairs (X, ρ) such that

height ρ = 0; we sketch the proof that MDr
∼−→ Hd

Ŏ
.

1.2.1. Lourenço–Scholze’s theorem. — The main idea is to use a theorem due to(7) Lourenço
and Scholze (cf. Theorem 6.6). This theorem states that the following functor is fully faithful:

X⇝ (Xrig

Ĕ
,Xpf

k , spX),

associating to X, a normal formal scheme flat over Ŏ, the triple consisting of

• Xrig

Ĕ
its generic fiber as a rigid space,

• Xpf
k the perfection of its special fiber,

• spX : |XĔ |→ |Xk| its specialization morphism on classical points.

In other words, the space X is entirely determined by the triple (XĔ ,X
pf
k , spX). Using a theorem

of Rapoport and Zink (cf. Proposition 2.18), we get that MDr is representable by a formal
scheme and by the theory of local models we check that this formal scheme is flat and normal
over Ŏ (cf. Proposition 2.24). Hence, Lourenço–Scholze’s theorem breaks Theorem 1.1 into three
fairly independent statements concerning the rigid generic fiber, the perfection of the special
fiber and the specialization morphism of Drinfeld’s moduli space. The next three paragraphs
explain the proof of these three statements.

(6)Meaning that it comes from the (right) action of g−1 on Ed for g ∈ GLd(E) which induces a left action on

Pd−1
E viewed as a moduli space of rank 1 quotients.

(7)Lourenço attributes this theorem to Scholze [52, Corollary 4]; Scholze attributes this theorem to Lourenço [61,
Theorem 18.4.2].
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1.2.2. The generic fiber. — Let MĔ be the generic fiber of MDr. In Section 4 we prove that

there is a GLd(E)-equivariant isomorphism π : MĔ

∼−→ Hd
Ĕ

. We recall the definition of the

Grothendieck–Messing period morphism (cf. §4.4.1)

π : MĔ → Pd−1

Ĕ
,

which associates to a special formal OD-module its Hodge filtration. This morphism between
rigid analytic spaces is GLd(E)-equivariant and by Grothendieck–Messing theory (cf. Corollary
2.17) it is étale. We need to show that the period map is an open embedding whose image is
Hd
Ĕ

. To show this, we will use a lemma by Fargues (cf. Lemma 4.43) which says the following:

since π is étale, π is an open immersion, if and only if, for any algebraically closed complete
field extension C of Ĕ, π induces an injection on C-points. Hence, it suffices to prove that π
induces a bijection on C-points:

π : MĔ(C) ∼= Hd
Ĕ

(C).

So, let C be an algebraically closed complete field extension of E. The main input(8) is
Fargues–Scholze–Weinstein’s classification of p-divisible groups over OC (cf. Theorem 4.24).
This classification of p-divisible groups in terms of linear algebra is reminiscent of Riemann’s
theorem for complex abelian varieties (cf. [58, Section 4.]); it states that there is an equivalence
of categories

(1.3) G⇝ {(T,W ) |W ⊂ T ⊗Zp C(−1)},

where:

• G is a p-divisible group over OC ,

• T = Tp(G) is a finite free Zp-module given by the Tate module of G,

• W ⊂ T ⊗Zp C(−1) is a C-vector subspace given by the Hodge–Tate map W = Lie(G) →
T ⊗Zp C(−1).

Scholze–Weinstein translate this equivalence into modifications of vector bundles on the
Fargues–Fontaine curve (cf. Theorem 4.17). Let X be the Fargues–Fontaine curve(9) and let
EDr be the vector bundle on X associated to the special formal OD-module X over F̄p (or more
precisely, to its isocrystal twisted by 1). Then (X, ρ) ∈ MĔ(C) defines a modification of EDr:

(1.4) 0→ Vϖ(X)⊗E OX → EDr → ι∞,∗Lie(X)⊗OC
C → 0.

This modification of EDr is OD-linear, trivial, minuscule and of degree d. Moreover, using the
classification result (1.3), we can show that any such modification defines a (height zero) isogeny
class of elements in MĔ(C) (cf. Proposition 4.25).

Using Beauville–Laszlo uniformization (cf. Proposition 4.13) we get a natural bijection (cf.
Lemma 4.29):

(1.5) {OD-linear minuscule degree d modifications of EDr} ∼= Pd−1(C)

This allows us to describe the period map on C-points as the composition

π : MĔ(C)
(1.4)+(1.5)−−−−−−−→ Pd−1(C).

Note that if X is an SFD over OC , then its Tate module Tp(X) is a free OD-module of rank
1, so its (height zero) quasi-isogeny class consists of a unique element: by the classification 1.3,
this shows that π(C) is injective.

Hence, the last step is to show that π(MĔ(C)) is Hd
Ĕ

(C). Conversely, this amounts to show

that x ∈ Pd−1

Ĕ
(C) is contained in a rational hyperplane if and only if the associated modification

(8)Note that on classical points we could use Fontaine’s theory of crystalline representations but we need some
more involved p-adic Hodge theory to treat C-points.
(9)For us, it is enough to use the schematic one.
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by (1.5) is not trivial. For this, we use a trick(10) from Chen–Fargues–Shen [19] which reduces
this claim to the following (cf. proof of Proposition 4.40): If F ↪→ EDr is a minuscule OD-linear
modification which is not trivial, then there is a direct summand F ′ ⊂ F such that F ′ ↪→ EDr

is also a direct summand. To show this, we explicitly compute all the minuscule degree d
modifications of EDr (cf. Proposition 4.27).

These modifications are computed using the two–tower principle, which is a translation,
in terms of modifications of vector bundles, of the two–tower isomorphism mentioned at the
beginning of the introduction. This gives:

(1.6)

{
OD-linear minuscule modifications of EDr

of degree d

}
∼=


Rank d vector bundles F with
a trivial modification Od ↪→ F

of degree 1

 .

To compute the right-hand side, we give two different proofs, each having its own advantage.

• The first proof (cf. Proposition 4.34) is very direct but uses(11) the classification of vector
bundles over the Fargues–Fontaine curve. Note that the original proof of this classification
actually depends on Drinfeld’s theorem. But Fargues–Fontaine (and later Fargues–Scholze
[34, Theorem II 2.14]) give a different proof of this classification, as we will recall (cf. Theorem
4.9).

• The second proof (cf. Proposition 4.35) is indirect and can be found in the appendix of [59].
It does not use the classification of vector bundles on the Fargues–Fontaine curve but uses
the representability of Rapoport–Zink spaces and the classification of p-divisible groups over
a complete discrete valuation ring.

1.2.3. The perfection of the special fiber. — We write k for the residue field of Ĕ, which is

isomorphic to F̄p. We consider Mpf
k , the perfection (cf. 5.1) of the special fiber of MDr and,

(Hd
k)

pf , the perfection of the special fiber of Hd
Ŏ

. In Section 5 we prove that there is a GLd(E)-

equivariant isomorphism

Mpf
k

∼−→ (Hd
k)

pf .

Let BT d[0] be the set of 0-simplices of the Bruhat–Tits building (cf. §3.1.1), which are ho-
mothety classes η̄ := E× · η of lattices η ⊂ Ed. We first recall (cf. Subsection 5.1) that the
irreducible components of Hd

k can be identified with compactified Deligne–Lusztig varieties X η̄
k

(cf. Proposition 5.10), giving a decomposition of Hd
k into irreducible components (cf. Corollary

5.7) in the form:

Hd
k =

⋃
η̄∈BTd[0]

X η̄
k .

The strategy is then to get a similar decomposition of Mpf
k , to construct an isomorphism between

the irreducible components and to glue the isomorphisms together. This strategy is very similar
to the one used by Genestier [37, Chapitre II] in the function field case; it is remarkable that
this works for the perfected special fiber in the p-adic case.

As in Drinfeld’s original paper, we use classical Cartier theory (cf. Remark 1.3). Let R be
a perfect k-algebra and WO(R) be the ring of ramified Witt vectors over R with its Frobenius
automorphism σ : WO(R) → WO(R). Cartier theory (cf. §2.1.4) associates to X, an SFD over
R, a Z/d-graded WO(R)-module:

M := MO(X) =
⊕
i∈Z/d

Mi,

endowed with

• F : M →M , a σ-linear endomorphism of degree −1,

(10)We recall that Hd
Ĕ

⊂ Pd−1

Ĕ
is the weakly-admissible locus and that we in fact show that the admissible locus

coincides with the weakly-admissible one. Hence Chen–Fargues–Shen’s theorem [19] could be used directly but,
since it is very straightforward in our case, we decided to spell it out for convenience.
(11)It seems that this is the only place where this theorem is actually used. Although, this is not transparent in
the current presentation.
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• V : M →M , a σ−1-linear endomorphism of degree 1,

• Π: M →M , a linear endomorphism of degree 1,

such that these commute with each other, satisfy FV = ϖ = Πd, and satisfy the special
condition:

∀i ∈ Z/d, rankRMi/VMi−1 = 1.

Conversely, such a special Cartier R-module(12) determines an SFD over R (cf. Proposition
2.14).

The key observation, due to Drinfeld, is that one can construct lattices inside M using critical
indices: we say that i ∈ Z/d is a critical index for X if the map induced by Π

Πi : Mi/VMi−1 →Mi+1/VMi,

is zero. If i ∈ Z/d is a critical index for X, then we can define U := V −1Π: Mi → Mi which
turns out to be a “slope 0 Frobenius” on Mi; hence, we set

(1.7) ηiX := MΠ=V
i = {x ∈Mi | Ux = x},

which defines a Zariski locally constant sheaf of O-module of rank d (cf. Lemma 2.20). We
choose X such that all its indices are critical, and hence we can fix isomorphisms (cf. §2.2.3)
ηiX ⊗O E ∼= Ed. Now, if we consider (X, ρ) ∈ Mk(R) such that i ∈ Z is critical, we get, through
the quasi-isogeny ρ, a Zariski locally constant sheaf of genuine O-lattices

(1.8) ηiX ↪→ ηiX ⊗O E ∼= Ed.

The main issue is that critical indices don’t always exist over arbitrary objects in NilpŎ and
Drinfeld’s original argument, through what he calls the modified Dieudonné module, constructs
a way to simulate the existence of critical indices. The construction and study of the modified
Dieudonné module is the trickiest part of Drinfeld’s proof and is detailed for d = 2 in [15].
Over perfect rings, the situation is much simpler: first, because Witt vectors are p-torsion-free,
and hence Cartier theory, behaves much better over perfect rings; second, because, over perfect
rings, critical indices always exist on irreducible schemes (cf. Theorem 5.13). This last fact
relies on the existence of critical indices over perfect fields of characteristic p and the fact that
universal homeomorphisms between perfect schemes are isomorphisms.

The local existence of critical indices allows us to write:

Mpf
k =

⋃
η̄∈BTd[0]

Mη̄
k

where Mη̄
k ⊂ Mpf

k is the lattice subscheme defined by (cf. Definition 5.20):

Mη̄
k(R) := {(X, ρ) ∈ Mpf

k (R) | i ∈ Z/d is critical and E× · ηiX = η̄ through (1.8)}.

Using Cartier theory, we then construct explicit isomorphisms fη̄ : Mη̄
k

∼−→ (X η̄
k )pf in a com-

patible way so that we can glue these together and finally obtain:

f : Mpf
k
∼= (Hd

k)
pf .

Without more details, let us mention that this isomorphisms turns out to be GLd(E)-
equivariant.

(12)In the analogy with complex elliptic curves, the Cartier module can be interpreted (through crystalline
cohomology) as a first cohomology group with extra structures. The main difference is that the Cartier module
is too big to be a lattice.
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1.2.4. The specialization morphism. — The last step (cf. Subsection 6.1) is to show that the
previous isomorphisms, π on the generic fiber and f on the perfected special fiber, commute
with the specialization map. More precisely, we need to show that the following diagram:

|MĔ | |Hd
Ĕ
|

|Mk| |Hd
k|

π

spDr spH

f

commutes (cf. theorem 6.1). This can be checked on classical points, and the main point is to
carefully describe the maps π and f on classical points (cf. Propositions 6.5 and 6.4 respectively).
Although this is quite straightforward, let us mention two of the main points we need to take
care of.

The first point concerns two ways to relate Hd
Ĕ

with lattices; we have to show that they are

equivalent.

• The first way is through the construction of the formal model Hd
Ŏ

which can be defined as a

simplicial scheme over the Bruhat–Tits building BT d. This gives a map of topological spaces
|Hd

Ĕ
| → |BT d|.

• The second way is through the isomorphism Hd
Ĕ
∼= Pd−1

Ĕ
\
⋃
H∈HE

H: a point x ∈ |Hd
Ĕ
| gives an

embedding x : Ed ↪→ K where K is some valued field extension of Ĕ: the norm on K induces
a norm on Ed through x. Now, the topological realization |BT d| is naturally isometric to the
space of norms on Ed (cf. Proposition 3.10), which gives a map |Hd

Ĕ
| → |BT d|.

These two maps coincide through the natural map |BT d| → BT d (cf. Corollary 3.19). This
allows us to relate the period map π with lattices in a compatible way through the integrality
of the Hodge filtration.

Let us spell out what this “integrality of the Hodge filtration” means, which is the second
point of the proof. Let K/Ĕ be a valued finite field extension and OK ⊂ K its ring of integers.
Let X be an SFD over OK , Xk = X ⊗OK

k its base change to the residue field, and let
M = MO(Xk) be the Cartier module of Xk. Using Grothendieck–Messing theory, we get a map
induced by the Hodge filtration

hX : M ⊗Ŏ OK → Lie(X).

In the moduli problem, the quasi-isogeny gives an isomorphism Ed ∼= M0⊗Zp Qp and composing

it with hX gives an element of Hd
Ĕ

(K):(
Ed → Lie(X)0 ⊗Zp Qp

)
∈ Hd

Ĕ
(K).

This is the description of the period map on classical points. Using the previous compatibility
between lattices and norms, we see that the chain of lattices in M defined by (1.8) coincides
with the lattices defined by the unit ball Lie(X) ⊂ Lie(X)

[
1
p

]
. Finally, the compatibility of the

specialization morphisms boils down to the commutative diagram

M ⊗Ŏ OK Lie(X)

Lie(Xk)

hX

mod V
mod mK

where mK ⊂ OK is the maximal ideal. This last step happens to be clear from Grothendieck–
Messing theory.

Remark 1.3. — Drinfeld’s original proof uses Cartier theory in the classical sense, as described
in [50]. For the perfected special fiber, we also use Cartier theory, but for the generic fiber we use
Messing’s Dieudonné crystal [53]. To prove that the specialization morphisms are compatible,
we recall that over a point, Cartier theory and Messing’s theory reduce to classical Dieudonné
theory. To avoid this plurality of theories we could simply use the theory of displays as presented
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by Zink [64] and its generalization to O-displays [2]. Display theory would also be convenient
for our exposition but to avoid its heavier formalism, we decided to stick with the more classical
theories as they are used in our main references.
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1.4. Notations and conventions. — Let E be a finite extension of Qp, and set O ⊂ E its
ring of integers, kE its residue field, and q := Card(kE) the cardinal of kE . We fix ϖ ∈ O a
uniformizer generating the maximal ideal of O. We write vE : E → Z ∪ {∞} for the valuation

sending ϖ to 1 and define the norm |·|E = q−vE(·).

Let Ĕ be the completion for the p-adic norm of the unramified closure of E and let Ŏ ⊂ Ĕ
be its ring of integers. We write k for the residue field of Ĕ which is an algebraic closure of kE .

Let C = ̂̄E be the completion for the p-adic norm of an algebraic closure of E and let OC ⊂ C
be the ring of integers.

We write κ for an arbitrary algebraically closed field of characteristic p. For a ring R, we
define AlgR to be the category of R-algebras and NilpR the full subcategory of R-algebras such
that p is Zariski-locally nilpotent. We write Perfk for the category of perfect k-algebras. We
also write PerfC which is the category of perfectoid algebras over C.

If X is a scheme (resp. a formal scheme, a rigid space) over some affine base SpecR (resp.
Spf R, SpR) we will just say that X is a scheme (resp. a formal scheme, a rigid space) over R.
Moreover, if R → R′ is a ring morphism then we write X ⊗R R′ or XR′ for the corresponding
base change. That is, in the context of formal schemes and rigid spaces, the tensor product is
implicitly completed.

For convenience, if n,m ∈ Z are integers, we fix the notation(13)

Jn,mK := {j ∈ Z | n ⩽ j ⩽ m},
for the integer interval between n and m.

(13)This notation is standard during undergraduate studies in France.
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2. Drinfeld moduli space

2.1. Special formal OD-modules. — Let d ⩾ 2 be an integer. Let D be the central division
algebra over F of invariant 1/d. To fix some additional notations, let us briefly recall what this
means.

Let Ed be the unramified extension of E of degree d and let Od ⊂ Ed be its ring of integers.
The group Gal(Ed/E) is cyclic of degree d and we fix a generator σ such that σ(x) ≡ xq

mod ϖ. We define D as the non-commutative algebra generated by Ed and an element Π ∈ D
satisfying the relations

Πd = ϖ, Πa = σ(a)Π, ∀a ∈ Ed.
The maximal order is the subring OD ⊂ D generated by Od and Π.

2.1.1. Definition. — Let R ∈ AlgŎ. If X is a p-divisible group over R, EndR(X) is naturally
equipped with the structure of a Zp-algebra : the addition is the pointwise sum, the multipli-
cation is the composition and we easily show that the natural map Z → EndR(X) extends to
Zp → EndR(X).

Definition 2.1. —

• A ϖ-divisible O-module on R is a pair X = (X, ι) where X is a p-divisible group and ι is a
non-zero Zp-algebra morphism

ι : O→ EndR(X),

which is strict, meaning that the induced map dι : O → EndR(Lie(X)) coincides with the

map O → Ŏ → R → EndR(Lie(X)) induced by the R-module structure. If, moreover, X is
a formal p-divisible group, we will simply call X a formal O-module.

• A Π-divisible OD-module over R is a pair (X, ι) where X is a p-divisible group and ι is a
non-zero Zp-linear morphism

ι : OD → EndR(X),

such that the restriction of ι to O defines a ϖ-divisible O-module on R. If, moreover, X is
formal as a p-divisible group, we will just call X a formal OD-module.

Note that if (X, ι) is a Π-divisible OD-module over R, ι is injective since OD is simple. Of
course, one can consider OD-modules without the strictness assumption (cf. [57]), but we will
not.

We define Rd := R⊗O Od and get

(2.1) Rd =
∏

ψ : Ed↪→Ĕ

Rψ, Rψ := R⊗Od,ψ Od,

where the product is over all the E-linear embeddings ψ : Ed ↪→ Ĕ.
We fix once and for all an embedding ψ0 : Ed ↪→ Ĕ. Recall that we fixed a generator σ of

Gal(Ed/E) which defines an isomorphism Gal(Ed/E) ∼= Z/d. Set ψi := ψ0 ◦ σi for all i ∈ Z/d,

then {ψ : Ed ↪→ Ĕ} = {ψi}i∈Z/d and the decomposition (2.1) takes the form

(2.2) Rd ∼=
∏
i∈Z/d

Ri, Ri := Rψi
.

Let X be a Π-divisible OD-module over R. Since the O-action is strict, Lie(X) is naturally
a Rd-module. Hence, we get

(2.3) Lie(X) =
⊕

ψ : Ed↪→Ĕ

Lie(X)ψ =
⊕
i∈Z/d

Lie(X)i, Lie(X)i := Lie(X)ψi
:= Lie(X)⊗Rd

Rψi
.

The uniformizer Π ∈ OD induces an endomorphism Π: Lie(X)→ Lie(X) of degree +1 for this
grading. The restriction of Π to the components of (2.3) induce d morphisms

∀i ∈ Z/d, Πi : Lie(X)i → Lie(X)i+1,

and since the action is strict and Πd = ϖ, we get Πd−1 ◦ · · · ◦Π2 ◦Π1 ◦Π0 = ϖ.
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Definition 2.2. — A Π-divisible OD-module X over R is a special formal OD-module (abbre-
viated a SFD-module) if X is a formal OD-module and Lie(X) is an invertible Rd-module, i.e.
for every i ∈ Z/d, Lie(X)i is an invertible R-module. Moreover, we say that i ∈ Z/d is a critical
index if Πi = 0.

Lemma 2.3. — Let X be a special formal OD-module over a perfect field R = k of character-
istic p. Then X admits a critical index.

Proof. — Since ϖ · k = 0, we get Πd−1 ◦ · · · ◦Π2 ◦Π1 = 0. But since Πi is a linear map between
one-dimensional vector spaces over k, it is either 0 or an isomorphism. Hence, there exists
i ∈ Z/d such that Πi = 0.

2.1.2. Cartier theory for formal ϖ-divisible O-modules over a perfect ring. — Here we recall
some basics of Cartier theory over perfect rings. Cartier theory works over arbitrary nilpotent
rings, but we will only use it over perfect rings.

We begin with some notations concerning ramified Witt vectors; we follow [32, 2.1]. Let
WO : AlgO → AlgO be the functor of ramified Witt vectors. It comes equipped with a Frobenius
endomorphism(14) σ : WO → WO and a Verschiebung endomorphism τ : WO → WO such that
σ◦τ = ϖ. The endomorphism τ depends on the choice of the uniformizer ϖ but not σ. There is
a natural transformation [·] : id →WO called the multiplicative lift. If R ∈ AlgO, then WO(R)
is τ -complete and every element x ∈WO(R) has a unique expression

(2.4) x =
∑
n⩾0

τn[an],

where an ∈ R.
If R is a perfect Fq-algebra, we also have the relation τ ◦ σ = ϖ and get σ(x) = x =∑
n⩾0 τ

n[aqn] which allows us to simplify (2.4):

x =
∑
n⩾0

[bn]ϖn,

where bn := aq
−n

n . Moreover, WO(R) is then ϖ-complete and ϖ-torsion-free; it is, up to isomor-
phism, the unique ϖ-complete, ϖ-torsion-free lift of R.

Let E′/E be a finite extension and O′ ⊂ E′ its ring of integers. Let f ∈ N be its unramified
degree over E, q′ := qf the cardinal of its residue field and ϖ′ ∈ O′ a uniformizer. We write σ′

and τ ′ respectively the Frobenius and the Verschiebung associated to ϖ′ on WO′ . There is a
unique natural transformation (cf. [32, Lemme 1.2.3])

u := WO →WO′ ,

such that

σ′ ◦ u = u ◦ σf , ϖ

ϖ′ · τ
′ ◦ σ′f−1 ◦ u = u ◦ τ.

Moreover, if R ∈ PerfFq′ , let O′
0 ⊂ O′ be the ring of integers of the maximal unramified extension

of E inside E′, then the natural morphism induced by u gives an isomorphism:

WO(R)⊗O′
0

O′ →WO′(R).

Let ŴO ⊂ WO be the subfunctor of ramified Witt vectors with finitely many non-zero entries,

meaning that for R ∈ AlgO and x ∈ WO(R), we have x ∈ ŴO(R) if and only if, when written
in the form (2.4), {an ̸= 0;n ∈ N} is a finite set.

We define the Cartier ring functor as EO := Hom(ŴO, ŴO). Explicitly, for R ∈ AlgO,
the Cartier ring EO(R) is the V -completion of the non-commutative ring WO(R)⟨F, V ⟩ with
relations

FV = ϖ, Fa = σ(a)F, V a = τ(a)V ∀a ∈WO(R).

(14)The notation is consistent with the previous σ so confusion is harmless.
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Every x ∈ EO(R) can be written uniquely has

x =
∑
i,j⩾0

V i[xi,j ]F
j ,

where xi,j ∈ R is a family of elements such that for every i ∈ N, {xi,j ̸= 0; j ∈ N} is a finite set.
Cartier theory translates the data of a formal O-module into a module over Cartier’s ring.

We define the corresponding objects.

Definition 2.4. — Let R ∈ Perfk. A reduced Cartier R-module is a left EO(R)-module M
such that

• V : M →M is injective,

• M is complete for the V -adic topology, i.e. the map M → lim←−nM/V nM is an isomorphism,

• M/VM is a locally free R-module of finite rank.

We call

heightOM := rankRM/ϖM, dimM := rankRM/VM

respectively the height of M (which is well defined cf. [63, Corollary 5.43](15)) and the dimension
of M .

Let M be a reduced Cartier R-module such that M/VM is free, let m ⩾ 1 be its rank and
let {γ1, . . . , γm} ⊂ M be a family such that its image in M/VM forms a basis. We then call
{γ1, . . . , γm} a V -basis of M and we get that any v ∈M can be uniquely written as

v =

m∑
i=1

∑
n⩾0

V n[vn,i]γi.

Hence, the action of F is determined by its action on the V -basis, which gives a presentation
of M as a EO(R)-module.

We now recall the main theorem of Cartier theory. For a formal O-module G over R, we
define

MO(G) := Hom(ŴO, G),

where Hom is taken as natural transformations between functors over perfect algebras. Then
MO(G) is naturally a WO(k)-module, whose abelian group structure comes from the abelian
group structure on G and is equipped with two operations F and V respectively coming from

σ and τ on ŴO. This naturally defines a EO(R)-module.

Proposition 2.5. — Let R ∈ Perfk. There exists an equivalence of categories

{Formal O-modules on R} MO−−→ {Reduced Cartier R-modules} .

Moreover, if G is a formal O-module we have

Lie(G) = MO(G)/VMO(G), dimG = dimMO(G), heightOG = heightOMO(G).

Proof. — If O = Zp the theorem can be found in [50] or [63, 4.23]. From there, it is adapted
to formal O-modules by Drinfeld in [29, §1 Theorem]. We sketch his argument for convenience.
Let E′/E be a finite extension and O′ ⊂ E′ be its integer ring. The strategy is to show that if
the theorem is true for O then it is true for O′, which is enough since it is true for O = Zp by
the references.

If E′/E is unramified of degree f , then decomposing along the E-linear embeddings E′ ↪→ Ĕ
as in (2.2), we get

WO(R)⊗O O′ =
⊕
i∈Z/f

WO′(R)i.

(15)The English translation of Zink’s book [63] on Cartier theory can be found here: https://imag.

umontpellier.fr/~romagny/articles/zink.pdf

https://imag.umontpellier.fr/~romagny/articles/zink.pdf
https://imag.umontpellier.fr/~romagny/articles/zink.pdf
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Hence MO(G) ⊗O O′ =
⊕

i∈Z/f Mi such that F is of degree −1 and V is of degree 1.

Moreover,V : Mi → Mi+1 is an isomorphism if i ̸= −1 by the strictness condition. Set
MO′(G) := M0 and define

V ′ := V f , F ′ = V 1−fF.

It is clear that this defines an equivalence of categories. Finally,

M ′/V ′M ′ = M/VM = Lie(G)

which concludes the proof in that case.
Suppose that E′/E is totally ramified. The hypothesis that R is perfect will simplify the

proof since WO′(R) ∼= WO(R)⊗O O′ such that σ = σ′ and τ ′ = ϖ′

ϖ τ . Hence MO′(G) := MO(G)
is naturally a WO′(R)-module and

F ′ := ϖ′

ϖ F, V ′ := V,

which defines a EO′(R)-module. Finally, since MO(G) is reduced,

MO′(G)/V ′MO′(G) = MO(G)/VMO(G).

Let us mention that another reference for formal O-modules is [45, 26.3]. Finally, let us
mention that the theory of O-displays in [2] is developed based on the proof we sketched.

We recall the compatibility between Cartier theory and Dieudonné theory over an alge-
braically closed field k of characteristic p. If G is a ϖ-divisible O-module over an algebraically
closed field k, we define

DO(G) := Hom(WO, G)

where Hom is taken as natural transformations between functors over perfect algebras. In
the same way as MO(G), DO(G) is a WO(k)-module, equipped with two operations F and V .
Moreover, if G is a formal O-module, the action of V on DO(G) is topologically nilpotent, hence
DO(G) is naturally a EO(k)-module. The result is the following:

Proposition 2.6. — Let G be a formal O-module over an algebraically closed field k. Then
there is a natural isomorphism of EO(k)-modules DO(G) ∼= MO(G).

Proof. — In the case O = Zp, we point to [35, Chapitre V §3] and [46] for an explicit isomor-
phism. For formal O-modules, it can then be deduced from the proof of Proposition 2.5.

Remark 2.7. — Recall that if k is a perfect field of characteristic p, an E-isocristal over k (cf.
[48, Section 3]) is a finite-dimensional WO(k)

[
1
p

]
-vector space with a σ-linear endomorphism.

So if G is a formal O-module, then (DO(G) ⊗Zp Qp, F ) is an E-isocrystal over k which, by
Proposition 2.5, determines the quasi-isogeny class of G.

2.1.3. Grothendieck–Messing theory for p-divisible O-modules. — In this paragraph we recall
Grothendieck–Messing theory for p-divisible O-modules as presented by Fargues [33, Annexe B
Chapitre I] based on the work of Messing [53]. We also point to [2, section 3] in the context of
O-displays for formal O-modules.

Let Σ := Spec(O) and S be a scheme over Σ. We endow Σ with its O-divided power structure
coming from ϖ ∈ O, defined in [33, Annexe B.5 Chapitre 1]. We denote by NCRISO(S/Σ)
(cf. [33, Définition B.5.7]) the O-crystalline nilpotent site of S with respect to the O-divided
power structure. This site comes with a structure sheaf OS/Σ. We recall that a crystal of
OS/Σ-modules is a sheaf F on NCRISO(S/Σ) such that for any map f : (U ′, T ′, δ′) → (U, T, δ)
between objects in this site, the natural map

(2.5) f∗F(U,T,δ) = F(U,T,δ) ⊗OT
OT ′ → F(U ′,T ′,δ′)

is an isomorphism.
Let G be a ϖ-divisible O-module on S. Then one can define a universel vector extension (cf.

[33, Proposition B.3.3] and see [2, Proposition 3.16] in the case of formal O-modules)

(2.6) 0→ VO(G)→ EO(G)→ G→ 0
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which is an exact sequence of fppf sheaves in O-modules over S. This exact sequence is
functorial in G and in S (cf. [53, Chapter IV, Proposition 1.15]). We set

DO(G)S := Lie(EO(G))

the Lie algebra of this fppf sheaf of O-modules which defines a sheaf of OS-modules. In
particular, by taking the Lie algebra of the sequence (2.6), we get a map:

hG : DO(G)S → Lie(G).

Recall that this map is surjective as a morphism of fppf -sheaves on S (cf. [53, Chapter IV,
Proposition 1.22]). The kernel of hG is usually called the Hodge filtration and we will say that
hG is induced by the Hodge filtration. The map hG is functorial in both S and G. The main
proposition is that D(G)S extends to a crystal on NCRISO(S/Σ):

Proposition 2.8. — The Lie algebra of EO(G) defines a crystal of OS/Σ-modules DO(G),
which we will call the Dieudonné crystal.

Proof. — The main idea is to associate, to every (U, T, δ) ∈ NCRISO(S/Σ) and to any lift G′

to T of G
∣∣
U

the sheaf

(2.7) DO(G)(U↪→T ) = DO(G′)T

and to show that this defines a crystal. See [53, Chapter IV, §2] for the case O = Zp and [33,
Théorème B.6.1] for the extension to ϖ-divisible O-modules; compare with [2, Definition 3.24]
for the case of formal O-modules through O-displays.

Remark 2.9. — If S = SpecR with p ·R = 0 and R′ → R satisfies R′ = lim←−nR
′/pn and R′/pn

is a finite R-algebra, we would like to evaluate DO(G) at R′. We will consider

DO(G)(R′→R) := lim←−
n

DO(G)(R′/pn→R),

which is consistent with [26] (see also [60, Remark 3.2.4]).
Following [7] (where O = Zp) the (contravariant) Dieudonné crystal can be defined as

D∗
O(G) := Ext1OS/Σ

(G,OS/Σ).

This definition is not the classical one (for example Messing’s original book [53] is used in [56]
and [60]) but it is more convenient for different reasons. First, it can be defined on the full
crystalline site and not only the nilpotent one. Second, this definition makes sense for finite flat
group schemes, and behaves well with respect to truncations for finite group schemes (which is
also an advantage of working contravariantly). The functor D∗

O(G) can be related to DO(G) by
duality (i.e. Cartier duality using a Lubin-Tate group).

Let (S ↪→ T ) ∈ NCRISO(S/Σ). We define the following categories:

• D the category of pairs (G,F) whereG is aϖ-divisible O-module over S and F ⊂ DO(G)(S↪→T )

is a direct factor of DO(G)(S↪→T ) such that F ⊗OT
OS = VO(G),

• C the category of ϖ-divisible O-modules over T .

Recall that if G′ is a ϖ-divisible O-module over T , then by definition (2.7)

DO(G′)T = DO(G′ ×T S)(S↪→T ).

We get the following theorem which is called the Grothendieck–Messing theorem (cf. [53, Chap-
ter V, Theorem 1.6] for the case O = Zp and [33, Théorème B.7.1] for its extension to ϖ-divisible
O-modules):

Theorem 2.10. — The functor C → D defined on objects by

G′ 7−→ (G′ ×T S, VO(G′) ⊂ DO(G′)(S↪→T )),

defines an equivalence of categories.
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Finally, we need to compare the Dieudonné crystal with the classical Dieudonné module. The
resulting corollary is the following (cf. [33, Proposition B.8.2] and Remark 2.9):

Corollary 2.11. — Let G be a ϖ-divisible O-module over kE and let DO(G) be it’s Dieudonné
module. We have a natural isomorphism

DO(G) ∼= Γ(Spec(kE)→ Σ,DO(G))

and the Frobenius is identified with the crystalline Frobenius map on DO(G).

2.1.4. Classification of SFD over perfect rings. — We extend the equivalence of Proposition
2.5 to special formal OD-modules. For this, we first introduce special Cartier modules.

Definition 2.12. — Let R ∈ NilpŎ. A special Cartier R-module is a pair M = (M,Π) where:

• M is a Z/d-graded reduced Cartier R-module, i.e. a Cartier R-module endowed with a Z/d-
grading

M =
⊕
i∈Z/d

Mi,

such that degF = −1, deg V = 1 and deg[a] = 0 for a ∈ R,

• Π is a EO(R)-linear endomorphism Π: M →M such that deg Π = 1 and Πd = ϖ,

such that for every i ∈ Z/d, Mi/VMi−1 is free of rank 1 over R.
Moreover, we call i ∈ Z/d a critical index if the map

Πi : Mi/VMi−1 →Mi+1/VMi,

induced by Π, is zero.

Lemma 2.13. — Let R be a perfect k-algebra and let M be a special Cartier R-module. Then
dimM = d and heightOM is a multiple of d2.

Proof. — The claim on the dimension is clear since

dimM = rankRM/VM =
∑
i∈Z/d

rankRMi/VMi−1 = d.

First, since V is injective and commutes with ϖ, we get that V : Mi/ϖMi → Mi+1/ϖMi+1

is injective, thus r := rankRMi/ϖMi is independent of i and rankRM/ϖM = dr. Moreover,
because R is perfect, M has no ϖ-torsion: thus Π is injective, and since

rankRMi/ϖMi =

d−1∑
j=0

rankR ΠjMi−j/Π
j+1Mi−j−1 =

d−1∑
j=0

rankRMi−j/ΠMi−j−1.

Thus it remains to prove that rankRMi/ΠMi−1 is independent of i. Computing the rank of
Mi/ΠVMi−2 in two different ways, we get

rankRMi/VMi−1 + rankR VMi−1/ΠVMi−2 = rankRMi/ΠMi−1 + rankR ΠMi−1/ΠVMi−2,

and since
rankRMi/VMi−1 = rankR ΠMi−1/ΠVMi−2 = 1,

rankR VMi−1/ΠVMi−2 = rankRMi−1/ΠMi−2,

we get rankRMi/ΠMi−1 = rankRMi−1/ΠMi−2.

Let R ∈ NilpŎ, and let X be a special formal OD-module over R, we associate to X a
special Cartier R-module. Let M = MO(X) be its associated reduced Cartier R-module. By
functoriality, M is an Od ⊗O WO(R)-module and by (2.2):

Od ⊗O WO(R) ∼= WO(Rd) ∼=
∏
i∈Z/d

WO(Ri),

and we obtain a Z/d-grading

M =
⊕
i∈Z/d

Mi, where Mi := M ⊗WO(Rd) WO(Ri).
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For this grading degF = −1, deg V = 1, and for a ∈ R, deg[a] = 0. Moreover, for i ∈ Z/d,

Mi/VMi−1
∼= Lie(X)i,

which is locally free of rank 1 over R by the special condition. By functoriality, Π ∈ OD defines
and endomorphism Π: M → M , such that Πd = ϖ and deg Π = 1. From the grading and the
endomorphism Π we can reconstruct the action of OD on M . We thus obtain the following
proposition:

Proposition 2.14. — Let R ∈ NilpŎ. The previous construction gives an equivalence of
categories

{Special formal OD-modules over R} MO−−→ {Special Cartier R-modules} .

Proof. — Following the proof of Proposition 2.5 in the unramified case, we see that the action
of Od can be recovered from the grading and the action of OD is then obtained from the action
of Π. See [15, Chapitre II, section 2, Théorème] for d = 2, the proof adapts easily for arbitrary
d ⩾ 2.

For the rest of this paragraph, we suppose R = κ is an algebraically closed field of character-
istic p.

Lemma 2.15. — Let M be a special Cartier κ-module of height d2. Then M admits a critical
index and for every critical index i ∈ Z/d we get ΠMi = VMi.

Proof. — Note that the situation is the same as in Lemma 2.3 and we get the existence of a
critical index i ∈ Z/d by the same proof, which means that ΠMi ⊂ VMi. Using Lemma 2.13
we see that dimκMi+1/ΠMi = 1, which means that VMi and ΠMi are two submodules of Mi+1

having the same colength. Since ΠMi ⊂ VMi, we get ΠMi = VMi.

An essential construction of special Cartier modules is the following: let M be a special
Cartier k-module of height d2 and let i ∈ Z/d be a critical index. By Lemma 2.15 we know that
ΠMi = VMi and since V : Mi ↪→Mi+1 is injective we can define Φ = V −1Π which is a σ-linear
endomorphism of Mi. Hence Di := (Mi⊗Zp Qp,Φ) is a σ-isocrystal. Moreover, Mi ⊂Mi⊗Zp Qp

is a WO(k)-lattice of rank d such that ΦMi = Mi, so Di is of slope 0. Note that the association
M 7→ Di is functorial.

Corollary 2.16. — Let κ be an algebraically closed field of characteristic p.

• There exists, up to isogeny, a unique special formal OD-module of height d2 over κ.

• Let X a special formal OD-module of height d2 over κ. Then EndOD
= Md(E) and its group

of OD-linear quasi-isogenies is identified with GLd(E).

Proof. — By the Dieudonné-Manin classification, there exists a unique unit isocrystal over κ
of dimension d. This gives the uniqueness of Di and thus the uniqueness of M = (M,Π) up
to isogeny which proves the first point by Proposition 2.14. The second point follows from
the functoriality of the composition X 7→ MO(X) = M 7→ Di and the fact that Autσ(Di) =
GLd(E).

2.1.5. Grothendieck–Messing theory of SFD. — As in the case of Cartier modules, the
Dieudonné crystal of an SFD is endowed with an action of OD, which can be translated into a
grading and the action of a degree 1 endomorphism Π. .

Let Σ̆ = Spec Ŏ and S be a scheme over Σ̆. Let X be a special formal OD-module and let
DO(X) be its Dieudonné crystal, which is endowed with an action of OD. Note that S⊗O Od =

⊔i∈Z/dSi. Thus, for OS/Σ̆, the structure sheaf of the crystalline site NCRISO(S/Σ̆), we get

OS/Σ̆ ⊗O Od =
⊕
i∈Z/d

OSi/Σ̆
.
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This defines a Z/d-grading DO(X) =
⊕

i∈Z/dDO(X)i as before. Moreover, Π ∈ OD defines a

map Π: DO(X) → DO(X) which is of degree +1 and satisfies Πd = ϖ. As before, the grading
together with Π determines the action of OD.

Since the map hX : DO(X) → Lie(X) induced by the Hodge filtration, is functorial in X, it
preserves the grading and we obtain

(2.8) hX =
∑
i∈Z/d

hX,i :
⊕
i∈Z/d

DO(X)i →
⊕
i∈Z/d

Lie(X)i.

For any i ∈ Z/d, hX,i+1 ◦Πi = Πi ◦ hX,i.
Let us spell out the Grothendieck–Messing theorem in this case. We define

• DOD
the category of pairs (X,F) where X is a special formal OD-module over S and F ⊂

DO(X)(S↪→T ) is an OD-stable direct factor of DO(X)S↪→T such that F ⊗OT
OS = VO(X),

• COD
the category of special formal OD-modules over T .

Corollary 2.17. — The functor COD
→ DOD

defined on objects by

X ′ 7−→ (X ′ ×T S, VO(X ′) ⊂ DO(X ′)(S↪→T )),

defines an equivalence of categories.

We do not spell out the analogues of the previous propositions for special formal OD-modules.
Let us just note that from Proposition 2.14 and Corollary 2.11, if X is a special formal module
OD module over k, we have an isomorphism of special Cartier modules over k:

(2.9) MO(X) ∼= DO(X) = Γ(Spec(k)→ Σ,DO(X)).

2.2. Drinfeld’s moduli space. — This subsection is devoted to the definition and properties
of Drinfeld’s moduli space. We also describe the main construction producing lattices from
critical indices.

2.2.1. Definition of the moduli problem. — We define the Drinfeld moduli space. Let X be
the special formal OD-module over k, the residue field of Ŏ, whose special Cartier k-module is
given by:

M := OD ⊗O WO(k),

where the Verschiebung V is defined by(16) V(1⊗m) = Π⊗ σ−1(m) for all m ∈WO(k).
We define the following functor on NilpŎ:

(2.10) M̆Dr : R ∈ NilpŎ 7−→

(X, ρ) |
X a special formal OD-module over R,
ρ : X⊗k R/p 99K X ⊗R R/p
an OD-linear quasi-isogeny

 .

By Corollary 2.16, this definition is independent, up to isomorphism, of the choice of X and
the action of GLd(E) by OD-linear quasi-isogenies of X induces an action on the functor M̆Dr

defined, for g ∈ GLd(E), by

g : x = (X, ρ) 7−→ g · x := (X, ρ ◦ g−1).

The functor (2.10) is an example of a Rapoport–Zink space; in [56], Rapoport and Zink show
that a wide class of such moduli problems are representable by formal schemes that are locally
formally of finite type over Ŏ. Applying this theory, specifically [56, 3.25] and [56, 3.54], to
prove the representability of the moduli problem:

Proposition 2.18. — The functor (2.10) is representable by a formal scheme, which we still

write M̆Dr, locally formally of finite type over Ŏ.

Remark 2.19. —

• In Drinfeld’s proof [29], the representability of the moduli problem (2.10) is a corollary of his
theorem: it is obtained by showing directly that it is represented by the symmetric space.

(16)Hence the Frobenius is defined by F(1⊗m) = Πd−1 ⊗ σ(m).
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• It is also possible to use the result of Bartling–Hoof [4] to get the representability of the
functor.

Since it is locally formally of finite type, we may define its rigid generic fiber(17), M̆Ĕ which

is a rigid space over Ĕ.
For h ∈ Z, we let Mh

Dr ⊂ M̆Dr be the formal subscheme consisting of those (X, ρ) ∈ M̆Dr

such that the quasi-isogeny is of height dh, i.e. heightO ρ = dh. If h = 0, we omit the superscript
0, i.e.MDr :=M0

Dr. Note that for any h ∈ N we haveMh
Dr
∼=MDr and we get a decomposition:

M̆Dr
∼=

⊔
h∈Z
Mh

Dr
∼=MDr × Z.

The space MDr is not stable under GLd(E), but is stable under

GLd(E)0 := {g ∈ GLd(E) | vϖ(det g) = 0}.
2.2.2. Construction of a V -basis. — Critical indices give rise to O-lattices inside the Cartier
module. The following lemma, proved in [56, Lemma 3.65] and attributed to Drinfeld, is
fundamental.

Lemma 2.20. — Let R ∈ NilpŎ, (X, ρ) ∈ M̆Dr(R) and letM := MO(X) be the special Cartier
R-module of X. Suppose that X has a critical index i ∈ Z/d. Then, Zariski locally, Mi admits
a WO(R)-basis {γj}j∈Z/d such that

∀j ∈ Z/d, Πγj = V γj .

In other words, MΠ=V
i :=

⊕
j∈Z/d Oγj defines a locally constant Zariski-sheaf of O-modules on

SpecR.

Proof. — For convenience, we recall the construction of MΠ=V
i . Since i ∈ Z/d is a critical

index, ΠMi ⊂ VMi, and since V is injective, we can define the operator

U := V −1Π: Mi →Mi.

Fix an integer n ⩾ 1. For every R′ ∈ AlgR, let MR′ denote the special Cartier module of
the base change XR′ . Rapoport and Zink show in [56, Lemma 3.65] that the functor on AlgR
defined by taking invariants under U ,

ηiX [n] : R′ 7−→
(

(MR′)i/V
nd(MR′)i

)U
is representable by an étale scheme over SpecR.

Since ηiX [n] is naturally endowed with an O-module structure, it is étale-locally on SpecR

isomorphic to (O/ϖnO)d
R

by the height condition. Suppose that R is a local ring, and recall

that we have also been given a quasi-isogeny Xk → Xk. Since ηiX [n] is constant when restricted
to Spec k, it is therefore constant over SpecR, i.e.

ηiX [n] ∼= (O/ϖnO)d
R
.

By passing to the limit over n, we get

MΠ=V
i := lim←−

n

ηiX [n] ∼= Od
R

This completes the proof of the lemma.

Remark 2.21. — Using this lemma, one proves directly that M̆Dr is a p-adic formal scheme
(cf. [56, Corollary 3.63]).

(17)In the sense of Berthelot and Raynaud cf. [56, 5.5] or, equivalently, in the sense of Huber cf. [47, 1.1.12]



18 ARNAUD VANHAECKE

2.2.3. V -basis of the reference object. — Recall that we set M := OD ⊗O WO(k) with V :=
Π⊗ σ−1, the special Cartier module of the reference object X. Notice that all the indices of M
are critical, and the operator U := V−1Π on Mi is given by

U(x⊗ w) = ΠxΠ−1 ⊗ σ(w).

For i ∈ Z/d, let ηi := MU=1
i given by

ηi =
d−1⊕
j=0

(Πj ⊗ 1) ·O ⊂Mi.

Now, write e0, . . . , ed−1 for the standard basis of Ed. Let gΠ be the d× d matrix

(2.11) gΠ :=


0 ϖ
1 0

. . .
. . .

1 0
1 0

 ,

and for i ∈ Z, define(18)

(2.12)
ιi : ηi ↪→ Ed

Πj ⊗ 1 7−→ g−iΠ ej .

This map extends to an isomorphism ιi : η
i ⊗O E

∼−→ Ed.

Remark 2.22. — Note that ιi = ι0 ◦Π−i and in particular ιi+d = ϖ−1ιi. Since the action of
g ∈ GLd(E) on ηi is given by Πi ◦ g ◦ Π−i and that since ι0 is GLd(E)-equivariant, it follows
that ιi is GLd(E)-equivariant.

For i ∈ Z/d let ηi := ιi(η
i) ⊂ Ed be the image of ιi. In particular, η0 = Od ⊂ Ed. We get a

commutative diagram

η−1 η0 η1 · · · ηd−1 η0

ϖηd−1 η0 η1 · · · ηd−1 ηd

Π

ι−1

Π

ι0

Π

ι1

Π

ιd−1

Π

ιd

where the bottom arrows are the natural inclusions inside Ed. In particular, we get the following
fundamental lemma:

Lemma 2.23. — There is a natural equivariant bijection{
V-stable, Ŏ⊗O OD-submodules of M ,

}
∼=

{
O-submodules of η0 = Od

}
given by N 7→ NU=1

0 . In particular, subisocrystals of M ⊗O E are naturally in bijection with

E-rational subspaces of Ĕd. Moreover, any such subisocrystal has slope d−1
d .

2.2.4. Local models. — In this paragraph, we recall some basic facts from [56] on the theory
of local models, which allow us to prove the following fact:

Proposition 2.24. — The formal scheme M̆Dr is normal and flat over Ŏ.

Rapoport and Zink [56, 3.26–3.29] construct a local model diagram, which, in the Drinfeld
case, takes the following form:

N̆Dr

M̆Dr M̂loc
Ŏ

π1 π2

(18)This construction comes from [56, 3.73] where there seems to be a typo: for their map, Π does not define an
inclusion on lattices. This can be corrected by taking the opposite sign in the definition of ε(i, j).
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• The formal scheme N̆Dr represents the functor

R ∈ NilpŎ 7−→
{

(X, ρ, γ) | (X, ρ) ∈ M̆Dr(R), γ : DO(X)R
∼−→ OD ⊗O R

}
,

where DO(X)R is the evaluation of the Dieudonné crystal at SpecR and γ is an OD-linear

isomorphism. The map π1 : N̆Dr → M̆Dr is the natural map defined by π1 : (X, ρ, γ) 7→ (X, ρ)
which is a P-torsor, where P is the smooth formal group

R ∈ NilpŎ 7−→ Aut(OD ⊗O R).

This implies that N̆Dr is represented by a scheme of finite type over M̆Dr and that π1 is
formally smooth.

• The formal scheme M̂loc
Ŏ

is the p-adic completion of Mloc
Ŏ

, the scheme over Ŏ representing the

functor

Mloc
Ŏ

: R ∈ AlgŎ 7−→ {(L, f) | f : OD ⊗O R→ L},
where,

• L is an OD ⊗O R-module which is invertible as an Od ⊗O R-module(19).

• f : OD ⊗O R→ L is an OD ⊗O R-linear surjection.

The scheme Mloc
Ŏ

is easily realized as a closed subscheme of some Grassmannian, which proves

it is representable by a proper scheme (cf. Remark 2.27). The map π2 is defined for R ∈ NilpŎ
by

(X, ρ, γ) ∈ N̆Dr(R) 7−→ (hR ◦ γ−1,Lie(X)) ∈ M̂loc
Ŏ

(R)

where the corresponding map is the composition OD ⊗O R
γ−1

−−→ DO(X)R
hR−−→ Lie(X) and is

therefore surjective. Moreover, by Grothendieck–Messing (cf. Corollary 2.17), π2 is formally
smooth.

It follows that Proposition 2.24 reduces to proving that Mloc
Ŏ

is normal and flat over Ŏ. We

are going to show that Mloc
Ŏ

is regular and irreducible by expressing it as an iterated blow-up.

From the construction in §2.2.3, we get the following description of Mloc
Ŏ

:

Lemma 2.25. — The scheme Mloc
Ŏ

represents the functor on AlgŎ associating to each R ∈
AlgŎ diagrams of the form

(2.13)

η1−d η2−d · · · η0 η1−d

L1 L2 · · · L0 L1,

φ1 φ2

ϖ

φd

x1 x2 x−1 x0

such that for any i ∈ Z/d:
• Li is an invertible R-module,

• xi : Li → Li+1 is a morphism of R-modules,

• φi : ηi → Li is a morphisms of Ŏ-modules such that

φi ⊗Ŏ R : ηi ⊗Ŏ R→ Li,

is surjective.

Corollary 2.26. — The scheme Mloc
Ŏ

is regular, irreducible, and Mloc
Ĕ
∼= Pd−1

Ĕ
. In particular,

it is normal and flat over Ŏ.

(19)Recall that this means L =
⊕

i∈Z/d Li, where the ti’s are invertible R-modules, endowed with a degree one

operator Π such that Πd = ϖ.
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Proof. — Using Lemma 2.25, we can write Mloc
Ŏ

as an iterated blow-up of Pd−1

Ŏ
= P(ηd−1⊗O Ŏ).

Let T0, . . . , Td−1 be the homogeneous coordinates on Pd−1

Ŏ
defined by the basis e0, . . . , ed−1 ∈ η0

and for i ∈ J0, d− 1K let Ri ⊂ Pd−1

Ŏ
be the closed subscheme defined by the homogeneous ideal

⟨ϖ,Ti, . . . , Td−1⟩. Then

Mloc
Ŏ
∼= Bl

R̃d−1
(. . . (BlR0P

d−1

Ŏ
) . . . ),

where R̃i is the strict transform of Ri for i ∈ J0, d−1K. Hence, by [62, 0BFM], Mloc
Ŏ

is irreducible.

By [62, 02OS] we have Mloc
Ĕ

= Mloc
Ŏ
⊗Ŏ Ĕ

∼= Pd−1

Ĕ
. Hence Mloc

Ŏ
is dominant over Spec Ŏ, thus its

structure sheaf is ϖ-torsion-free: Ŏ is a discrete valuation ring so Mloc
Ŏ

is flat over Ŏ. Since each

Ri is defined by a regular sequence, R̃i → Ri is smooth and since Pd−1

Ŏ
is regular, Mloc

Ŏ
is regular

by [41, Proposition 19.4.4]. Because a regular scheme is normal, this proves the corollary.

Remark 2.27. — Using the presentation of Mloc
Ŏ

as a blow-up, we can give equations for

it using [37, Chapitre 2 Lemme 1.6.1](20). Precisely, there is a closed embedding Mloc
Ŏ

↪→
Pd−1

Ŏ
×· · ·×Pd−1

Ŏ
given by the φi’s of Lemma 2.25 which identifies Mloc

Ŏ
with the closed subscheme

defined by the equations , where we denote by T
(i)
0 , . . . , T

(i)
d−1 the homogeneous coordinates on

the i-th copy of Pd−1

Ŏ
:

T
(i)
j T

(i+1)
k = T

(i+1)
j T

(i)
k , 0 < k < j < d

T
(i+1)
0 T

(i)
j = ϖT

(i+1)
j T

(i)
0 , 0 < j < d.

Note that since we transformed OD into a lattice chain, the equations are slightly different from
the ones in(21) [56, 3.76] where the embedding Mloc

Ŏ
↪→ Pd−1

Ŏ
× · · · × Pd−1

Ŏ
is given by the fi’s.

The equations are obtained from the previous ones by shifting the indices:

T
(i)
j−1T

(i+1)
k = T

(i+1)
j T

(i)
k−1, 0 < k < j < d,

T
(i+1)
j T

(i)
d−1 = ϖT

(i)
j−1T

(i+1)
0 , 0 < j < d.

These equations can also be found by considering the universal object (Luniv, funiv), where Luniv

is the restriction of the product of the ample line bundles on PŎ
:= Pd−1

Ŏ
× · · · × Pd−1

Ŏ
and the

map defined by Sym funiv : SymŎ(OD ⊗O Ŏ) → H0(PŎ, SymLuniv). This map sends Πj along

the i-th factor to T
(i)
j and since funiv is OD-linear the kernel of Sym funiv is generated by:

Πj ⊗Πk−1 −Πk ⊗Πj−1, 0 < k < j < d

Πj ⊗Πd−1 −ϖ ⊗Πj−1, 0 < j < d.

which gives exactly the equations above.
Finally, note that these equations are described by 2× 2-minors, only (d− 1)2 of them suffice

(taking k = j+ 1 in the first family and j = 1 in the second), which shows that Mloc
Ŏ

is a global

complete intersection (hence Cohen–Macaulay). With a bit more effort, we can even show that

Mloc
Ŏ

is a semi-stable scheme over Ŏ, making it a semi-stable model of the projective space.

(20)For this Lemma, the reference to [43] seems incorrect; it can be deduced from [43, Remark A.6.1].
(21)Note that there are small typos in the equations given in [56, 3.76], in particular it seems that “π” is on the
wrong side.
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3. Drinfeld symmetric space

In this section, we recall the construction of the Deligne formal model Hd
O of Drinfeld’s

symmetric space Hd
E .

3.1. The Bruhat–Tits building for GLd(E). — In this subsection we recall some facts on

the Bruhat–Tits building of(22) GLd(E).

3.1.1. The Bruhat–Tits building of GLd(E). — The purpose of this paragraph is to recall the

construction of the Bruhat–Tits building for GLd(E) as a simplicial complex B̆T d. The set

of0-simplices, denoted B̆T d[0], is the set of O-lattice η ⊂ Ed, that is O-submodules of Ed of
maximal rank (= d). For η, η′ ⊂ Ed two O-lattices, we define their relative (logarithmic) index
by:

log[η : η′] := lengthO

(
η

η ∩ η′

)
− lengthO

(
η′

η ∩ η′

)
.

We will simply call log[η : Od] the index of η. In particular, in what follows, the notation ηi
will indicate that ηi has index i. As an example, let us note that if (n0, . . . , nd−1) ∈ Zd and

η =
⊕d−1

i=0 ϖ
niOei ⊂ Ed, where {e0, . . . , ed−1} ⊂ Ed is the standard basis, then

(3.1) log[η : Od] = −
d−1∑
i=0

ni.

In particular, multiplying a lattice by ϖ, drops the index by d. We define

(3.2) B̆T d :=
⊔
h∈Z
BT hd ∼= BT 0

d × Z,

where:

• for an integer r, with 0 ⩽ r < d, an r-simplex ∆ ∈ BT hd [r] is a set of cardinality r + 1
consisting of O-lattices in Ed, ∆ = {ηi0 , . . . , ηir}, with indices −h ⩽ i0 < · · · < ir < d − h,
such that:

(3.3) ϖηir ⊊ ηi0 ⊊ · · · ⊊ ηir , log[ηi : Od] = i, ∀i = i0, . . . , ir,

• the face maps are induced by inclusions of subsets.

Notice that the second condition in (3.3) implies in particular that

log[ηik : ηik−1
] = ik − ik−1.

The group GLd(E) acts naturally on B̆T d in the following way: endow Ed = Sym1Ed with

the standard action of GLd(E), then g ∈ GLd(E) acts on B̆T d as

η ⊂ Ed 7−→ g · η ⊂ Ed.
This defines an action of GLd(E) on B̆T d since it preserves incidence relations. Notice that, by
(3.1), the action of g ∈ GLd(E) on the Z-component of (3.2) is translation by vE(det g).

Notice that, by (3.1), g ∈ GLd(E) acts through +vE(det(g)) on Z in the second component

of (3.2). We recall that for any integer r ∈ J0, d − 1K, GLd(E) acts transitively on B̆T d[r] (cf.
[54, Lemma 1.1 b)]).

Remark 3.1. — Let E× ⊂ GLd(E) be the center consisting of scalar matrices and notice that

the quotient BT d := B̆T d/E× is the Bruhat–Tits building of PGLd(E) := GLd(E)/E×. It is
built on homothety classes of lattices (i.e. η̄ := E× · η for η ⊂ Ed a lattice) and is naturally
isomorphic to BT hd , for any h ∈ Z.

Indeed, fix an integer h ∈ Z, let r ∈ J0, d− 1K, and let ∆ = {η̄i0 , . . . , η̄ir} ∈ BT d[r]. Then for
each index i = i0, . . . , ir there exists a unique representative ηi ∈ η̄i such that (3.3) holds. This

gives a section BT d → BT hd ⊂ B̆T d of the quotient.

(22)Technically, it is not the building of GLd(E), but disjoint copies of the Bruhat–Tits building of PGLd(E) on
which GLd(E) acts (cf. remark 3.1).
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We emphasize that BT d is the Bruhat–Tits building of PGLd(E) and that B̆T d is not the
Bruhat–Tits building of GLd(E). In fact, to get the Bruhat–Tits building of GLd(E), we would
also have to consider (non-degenerate) d-simplices.

We can realize B̆T d as a poset, giving it the structure of a topological space. This space
should not be confused with its topological realization |B̆T d| which will be discussed in §3.1.3.

3.1.2. O[Π]-modules and lattices. — Let R ∈ AlgO, we define

R[Π] := R[X]/⟨Xd −ϖ⟩,
with the Z/d-grading defined by deg b = 0 for b ∈ R and degX = 1. If M is a Z/d-graded
R[Π]-module we write for i ∈ Z/d, Πi : Mi →Mi+1 the restriction of Π to Mi. A basic example
of an O[Π]-module is η• := ⊕i∈Z/dηi, defined in §2.2.3. In that paragraph we described how to

associate to η• a d − 1-simplex {η0, . . . ,ηd−1} ∈ B̆T d[d − 1]; this construction motivates what
follows.

Definition 3.2. — For h ∈ Z let L h
d be the functor on NilpO defined by

R ∈ NilpO 7−→ {(η•, r•)}
where

• η• is a Z/d-graded Zariski-constructible sheaf of flat O[Π]-modules on SpecR,

• r• : η•⊗OE
∼−→ η•⊗OE is a graded E[Π]-linear isomorphism, where the left-hand side is the

constant sheaf associated to η•,

such that for i ∈ Z/d and S ⊂ SpecR such that ηi
∣∣
S

is constant (i.e. isomorphic to Od), ri

induces an isomorphism
d∧
ηi
∣∣
S
∼= ϖ−h

d∧
ηi.

We set L̆d :=
⊔
h∈Z L h

d which is naturally endowed with an action of GLd(E): g ∈ GLd(E)

acts by g : (η•, r•) 7→ (η•, r• ◦ g−1). The action of GLd(E) on η• ⊗O E is described below.

Remark 3.3. — In the definition, since the action of Π is invertible on η• ⊗O E and η0 ⊗O

E ∼= Ed through the basis given by {Πj}j=0,...,d−1, the data of r• is equivalent to the data of

r0 : Ed
∼−→ η0 ⊗O E. Explicitly, for i ∈ Z/d, ri is the only isomorphism making the following

diagram of isomorphisms commute

Ed η0 ⊗O E

Ed ηi ⊗O E

r0

giΠ Πi

ri

meaning ri = Πi ◦ r0 ◦ g−iΠ . Hence g acts on r• via its action by Π−i ◦ g−1 ◦Πi on η0⊗OE ∼= Ed

(compare with Remark 2.22).

Note that, by the second condition in Definition 3.2, g ∈ GLd(E) sends L h
d to L h′

d where
h′ = h+ vE(det g).

This functor will appear in the definition of Drinfeld’s model of the symmetric space. The
purpose of this paragraph is to prove the following proposition:

Proposition 3.4. — The functor L̆d is represented by B̆T d as a topological space, in the sense
that for R ∈ NilpO we have a functorial bijection

L̆d(R) ∼= Map(SpecR, B̆T d)
where Map denotes the set of continuous maps between topological spaces. Moreover, this bijec-
tion is GLd(E)-equivariant and matches L h

d with BT hd .

We insist that we do not consider the topological (Hausdorff) realization of B̆T d but see it
as a poset.
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Proof. — We may assume that for each h ∈ Z, BT hd represents L h
d , hence we can suppose

h = 0. Note that the actions of GLd(E) on connected components coincide.
We first prove the proposition over a point by constructing two inverse maps ∆ 7→ η•∆ and

η• 7→ ∆η• . For j ∈ Z/d, let ⟨j⟩ ∈ J0, d− 1K be its unique lift in that interval.

• Let ∆ = {ηi0 , . . . , ηir} ∈ B̆T
0
d [r] be an r-simplex, let C∆ := {i0, . . . , ir} ⊂ Z be its set of

indices and C̄∆ ⊂ Z/d its set of indices mod d. For j ∈ Z/d, let l ∈ N be the least integer
such that j + l ∈ C̄∆ and let

j+ := ⟨j + l⟩ ∈ C∆,

the closest index right of j. Let

ηj∆ := ι−1
⟨j⟩(ηj+) ⊂ ηj ⊗O E.

The inclusion ηj∆ ⊂ ηj ⊗O E induces an isomorphism

rj∆ : ηj∆ ⊗O E ∼= ηj ⊗O E

and the inclusion ηj∆ ⊂ η
j+1
∆ induces Πj : ηj∆ → ηj+1

∆ ; hence we set:

η•∆ :=
⊕
j∈Z/d

ηj∆, r•∆ :=
⊕
j∈Z/d

rj∆,

where Π acts on ηj∆ by Πj ; this defines a O[Π]-module. The determinant condition in 3.2 is
immediate.

• Let η• be a O[Π]-module and r• : η• ⊗O E
∼−→ η• ⊗O E be a E[Π]-module isomorphism. Let

C := {⟨j⟩ | Πj : ηj → ηj+1 is not an isomorphism} and order C = {i0, . . . , ir} increasingly.
For i ∈ C set

ηi := (ιi ◦ (ri)−1)(ηi) ⊂ Ed.
By construction, we obtain inclusions ηik ⊊ ηik+1

defining a simplex

∆η := {ηi0 , . . . , ηir} ∈ BT 0
d [r].

Let X := SpecR. Given a continuous map f : Spec R → B̆T d of topological spaces we get a
stratification of X by setting for ∆ ∈ B̆T d, X∆ := f−1(∆) giving:

X =
⋃

∆∈B̆Td

X∆.

This defines a finite stratification since X is compact, i.e. all but finitely many X∆ are empty.
We get an element of Ld(R) defined by (η•∆, r

•
∆) on X∆.

Now, given (η, r) on X we define a map X → B̆T d. Let us fix a stratification

X =
⋃
i∈I

Zi

such that the restriction of η to Zi is constant. Set ∆i := ∆(η
∣∣
Zi

). The map f : X → B̆T d is

then defined by sending Zi to ∆i.

3.1.3. Geometric realization. — Since B̆T d is a simplicial complex we can construct its geo-
metric realization |B̆T d|. For any integer n ∈ N, let

∆n := {y = (y0, . . . , yn) ∈ [0, 1]n+1 |
n∑
j=0

yj = 1},

be the standard simplex of dimension n and let

|B̆T d| :=

 ⋃
0⩽n<d

B̆T d[n]×∆n

 / ∼

where we quotient by the usual simplicial relations. This realization does not make the metric
structure on |BT d| transparent and we introduce apartments to clarify this.
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If B = {e0, . . . , ed−1} ⊂ Ed is a basis then we can associate a maximal split torus T ⊂ GLd(E)
of matrices that are diagonal in the basis B. Moreover, any maximal split torus in GLd(E) is
of this form. Let n = (n1, . . . , nd) ∈ Zd and define the lattice

(3.4) ηB(n) :=
d−1⊕
i=0

ϖniOei.

We associate an apartment to B, only depending on the torus T , which is a simplicial subset
ĂT ⊂ B̆T d defined for r ∈ J0, d− 1K by

ĂT [r] := {∆ ∈ B̆T d | ∆ ⊂ {ηB(n); n ∈ Zd}}.
In other words, it is the subcomplex of lattices which are “diagonal” for T . Since the action of
GLd(E) is transitive on the simplices of fixed dimension of B̆T d, we deduce:

B̆T d =
⋃

T⊂GLd(E)

ĂT .

Remark 3.5. — Strictly speaking, ĂT is not an apartment but a disjoint union of apartments.
Indeed, we get ĂT =

⊔
h∈ZAhT whereAhT ⊂ BT

h
d which is in bijection withAT , its image through

the projection map B̆T d → BT d of Remark 3.1. In other words AT is the apartment associated
to T/E× ⊂ PGLd(E) inside the Bruhat–Tits building for PGLd(E).

Lemma 3.6. — Let T ⊂ GLd(E) be a maximal split torus. The inclusion ĂT ⊂ B̆T d induces
a homeomorphism

|ĂT | ∼= Rd−1 × Z

Proof. — Let V̆R =
⊔
h∈Z V

h
R ⊂ Rd where for h ∈ Z, V h

R is the affine hyperplane defined by

V h
R := {(x0 + h, . . . , xd−1 + h) ∈ Rd |

d−1∑
i=0

xi = 0},

and V̆Z := Zd ⊂ V̆R. We also define VZ := V̆Z/Z and VR := V̆R/Z which weidentify respectively
with V 0

Z and V 0
R through the projection.

We first recall how to define the simplicial structure on V̆R ∼= Rd−1 × Z. Let i, j ∈ N such
that 0 ⩽ i ̸= j ⩽ d− 1 and n ∈ N, we define the hyperplane section

H i,j
n := {(x0, . . . , xd−1) ∈ Rd | xi − xj = n} ∩ V̆R ⊂ V̆R

This hyperplane arrangement defines a simplicial structure on V̆R hence on VR by projection.
We can describe explicitly a simplicial set A such that |A| = VR. Namely, the 0-simplices of A
are defined by

A[0] := VZ,

and the (d− 1)-simplices A[d− 1] are defined by the projection of the set

{n0, . . . , nd−1 ∈ V̆Z | ∃σ ∈ Sd, n
j = nj−1 + (δl,σ(j))l, ∀j = 1, . . . , d− 1}

where Sd = Aut{0, . . . , d−1} is the symmetric group. Note that for r ∈ N such that 0 ⩽ r ⩽ d−1
an element of A[r] is defined by a subset of an element of A[d − 1] with r + 1 elements; hence
the face maps are the natural inclusions. This defines the simplicial set A and we now explain
why |A| ∼= VR. For σ ∈ Sd, let

∆̃σ := {(x0, . . . , xd−1) ∈ Rd | 0 ⩽ xσ(0) ⩽ · · · ⩽ xσ(d−1) ⩽ 1}
and let ∆σ ⊂ VR be its image through the projection. Every maximal simplex in VR is of
the form ∆σ + n for σ ∈ Sd and n ∈ VZ. Moreover, ∆σ is the standard (d − 1)-dimensional

simplex(23). This shows that |A| = VR ∼= Rd−1.

(23)The map ∆d−1 ∼−→ ∆1 is given by (yi) 7→
(
xi =

∑i
j=0 yj

)
with inverse (xi) 7→ (yi = xi − xi−1). Notice how

this makes the face maps look like those in BTd.
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It remains to show that A ∼= AT as simplicial sets. Let’s fix a basis B = {e0, . . . , ed−1} ⊂ Ed
such that T is diagonal in B, using the lattices from (3.4), we get a map

VZ → |AT |
n 7−→ η̄B(n),

which gives a bijection VZ ∼= AT [0]. We need to show that this bijection matches (d−1)-simplices
of A, which will be enough since the face maps then coincide. Let n0, . . . , nd−1 ∈ VZ, then it is
clear that if {nj}j ∈ A[d− 1], we get {η̄B(nj)}j ∈ BT d[d− 1]. Now if {η̄B(nj)}j ∈ BT d[d− 1] we
get in particular that

ϖηB(nd−1)ηB(n0) ⊊ ηB(n1) ⊊ · · · ηB(nd−1).

Therefore,η̄B(nj)/ηB(nj+1) is of length 1, hence, of the form kEeσ(j). Since all σ(j) are different,

σ ∈ Sd and nj = nj−1 + (δl,σ(j))l. This proves that {nj}j ∈ A[d− 1] and finishes the proof.

Remark 3.7. — Note that in the proof of the lemma, we show that |AT | ∼= Hom(X∗(T̄ ),R)
where T̄ ⊂ PGLd(E) is the image of T and X∗(T̄ ) is the root lattice. Remark that in the proof,
we explain how the simplicial structure is defined by the affine root hyperplanes of the Coxeter

complex of type Ãd−1 on Hom(X∗(T̄ ),R) ∼= Rd−1. In particular, the projections of ∆σ are the
affine Weyl chambers.

We mention the following lemma

Lemma 3.8. — Let ∆,∆′ ∈ B̆T d, then there exists a torus T ⊂ GLd(E) such that ∆,∆′ ∈ ĂT .
Moreover, for x, x′ ∈ |BT d|, there exists a torus T ⊂ GLd(E) such that x, x′ ∈ |AT |.
Proof. — See [54, lemma 1.2] in this case. This phenomenon is a general property of buildings
and we refer the reader to [1, Corollary 12.17] for a more conceptual argument.

Since,

(3.5) |B̆T d| =
⋃

T⊂GLd(E)

|ĂT | ∼=
⋃

T⊂GLd(E)

Rd−1 × Z,

we can endow |B̆T d| with a metric dBT given by the metric induced by the sup metric on Rd.
More precisely, if x, x′ ∈ B̆T d, let T ⊂ GLd(E) be a maximal split torus such that x, x′ ∈ |ĂT | ∼=
VR ⊂ Rd, then:

(3.6) dBT (x, x′) := sup
i=0,...,d−1

|xi − x′i|

This defines a GLd(E)-invariant metric on |B̆T d| (cf. [54, §1]).

3.1.4. Space of norms. — In this paragraph we recall that the geometric realization of the
Bruhat–Tits building is the space of norms on Ed.

Following [11], we recall that this metric space is isometric to N̆d the space of norms on Ed.
More precisely, for h ∈ Z, let

N h
d := {∥·∥ norm on Ed | ∥O×,d∥ = q−h}

and define N̆d :=
⊔
h∈ZN h

d . N̆d is naturally endowed with an action of GLd(E) induced by its

standard action on Ed. Moreover, we set Nd := N̆d/E×, where E× ↪→ GLd(E) is the center,
which parametrizes equivalence classes of norms on Ed.

The space N̆d is endowed with the (rescaled) Goldman-Iwahori metric: for two norms
∥·∥, ∥·∥′ ∈ Nd, we define

dN (∥·∥, ∥·∥′) :=
1

log q
sup

v∈Ed\{0}
|log∥v∥ − log∥v∥′|.

We recall the following, which is essentially a consequence of the Arzelà–Ascoli theorem (cf.
[11, Proposition 1.8]) :
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Proposition 3.9. — The metric space (N̆d, dN ) is complete and any closed bounded subset is
compact.

Proposition 3.10. — The metric space (|B̆T d|, dBT ) is isometric to (N̆d, dN ).

The main point to prove this theorem is that any norm on Ed is diagonalisable:

Lemma 3.11. — Let ∥·∥ be a norm on Ed. There exists a basis {e0, . . . , ed−1} ⊂ Ed and a
unique set s0, . . . , sd−1 ∈ [0, 1) real numbers, such that

∀x ∈ Ed, ∥x∥ = sup
i=0,...,d−1

qsi |xi|E ,

where x =
∑d−1

i=0 xiei.

Proof. — See [10, 2.4.2-2.4.3].

We now shortly recall the proof of Proposition 3.10 ,which relies on an analogue of Lemma
3.8 for norms:
Proof. — By passing to the quotient by the center, it is enough to show that |BT d| and Nd
are isometric with the induced metrics. We will construct a bijection and then prove it is an
isometry.

First let ∥·∥ be a norm on Ed. For any s ∈ [0, 1) define

ηs := {x ∈ Ed | ∥x∥ ⩽ qs}.
We then have that for s′ < s, ηs′ ⊂ ηs and the set {ηs}s∈[0,1) is finite. The association ∥·∥ 7→
{ηs}s∈[0,1) defines a map Nd → BT d.

Let e0, . . . , ed−1 be a basis of Ed, and le T̄ ⊂ PGLd(E) be the associated torus. We can define
NT̄ ⊂ Nd the associated apartment, consisting of norms which are diagonal in a basis associated
to T̄ . By [11, Proposition 1.17] we have an isometry Rd−1 ∼= NT̄ where Rd−1 is endowed with
the sup-norm. By Lemma 3.6, we see that the restriction of the map above to AT̄ extends to a
map on |AT̄ | given by the composition

NT̄ ∼= Rd−1 ∼=|AT̄ |.
This map is an isometry and since Nd =

⋃
T̄⊂PGLd(E)NT̄ by Lemma 3.11 and |BT d| =⋃

T̄⊂PGLd(E)|ĂT̄ | by (3.5) which allows us to conclude the proof.

3.2. Drinfeld’s and Deligne’s formal models. — In this section, we define Drinfeld’s
formal model of the p-adic symmetric space. We relate the definition given in [56, 3.68-3.71]
with Drinfeld’s definition in [29] and use the same notations.

3.2.1. Definition of Drinfeld’s model. — We now define the moduli problem of H̆d
O following

Drinfeld’s definition in [29].

Definition 3.12. — Let h ∈ Z, we define Hd,h
O as the functor on NilpO defined by

Hd,h
O : R ∈ NilpO 7−→ {(η, L, u, r)},

where:

• η is a Z/d-graded constructible Zariski sheaf of flat O[Π]-modules on SpecR,

• L is a Z/d-graded R[Π]-module whose graded components are invertible R-modules,

• u : η → L is a graded O[Π]-linear morphism such that the induced morphism

uR := u⊗R : η ⊗O R→ L

is surjective,

• r : Ed
∼−→ η0 ⊗O E is an E-linear isomorphism,

such that, for i ∈ Z/d we write Si := V (Πi : L
i 7→ Li+1) ⊂ S := SpecR for the vanishing locus

of Πi:

1. ηi
∣∣
Si

is isomorphic to the constant sheaf Od,
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2. ∀s ∈ S, us : η/Πη → (L/ΠL)⊗ k(s) is injective, where k(s) is the residue field at s,

3.
∧d ηi

∣∣
Si

= ϖ−h−i∧d Πir(Od)
∣∣
Si

.

Finally, we set H̆d
O :=

⊔
h∈ZH

d,h
O .

The action of GLd(E) on H̆d
O is defined for g ∈ GLd(E) by

g : (η, L, u, r) 7−→ (η, L, u, r ◦ g−1).

Note that for any h ∈ Z, Hd,h
O
∼= Hd,0

O which is isomorphic to Hd
O := H̆O/E

×.

The map (η, L, u, r) 7→ (η, r) defines a map of functors H̆d
O → L̆d, which by Proposition 3.4

allows us, for any simplex ∆ ∈ B̆T d to define H∆
O ⊂ H̆d

O.

Proposition 3.13. — The functor H̆d
O is representable by a p-adic formal scheme over O and

H̆d
O = lim−→

∆∈B̆Td

H∆
O ,

in the category of formal schemes over O.

To prove this proposition we will prove that the H∆
O are representable by expressing them in

a different way, the rest of the proposition is then immediate.

3.2.2. Deligne’s formal model. — Let r ∈ J0, d − 1K and ∆ ∈ ˘BT d[r]. Recall that we write
C∆ = {i0, . . . , ir} the set of indices of ∆.

Definition 3.14. — Let F∆ be the functor on NilpO defined for R ∈ NilpO by

F∆ := {(ηij
φij−−→ Lij )j}

where the set consists of the commutative diagrams:

(3.7)

ηi0 ηi1 · · · ηir ηi0

Li0 Li1 · · · Lir Li0 ,

φi0
φi1

ϖ

φir

xi0 xi1 xir−1 xir

such that for j ∈ J0, rK, with the convention that ir+1 = i0:

• is an Lij invertible R-modules,

• xij : Lij → Lij+1 is an R-linear morphism,

• φij is a O-linear morphism,

• The induced map
φ̄ij+1 : ηij+1/ηij → Lij+1/xijLij ,

is pointwise injective, meaning that φ̄ij ⊗ k(s) is injective for every s ∈ SpecR, where k(s) is
the residue field at s.

If ∆ ⊂ ∆′ we get an open immersion F∆ → F∆′ obtained by inverting the xi’s such that
i ∈ C∆′ \C∆. We can define lim−→∆∈B̆Td

F∆ and fixing the lattice in Definition 3.12, the following

is now immediate:

Proposition 3.15. — We have an isomorphism of functors F∆
∼= H∆

O, in particular

H̆O
∼= lim−→

∆∈B̆Td

F∆,

and H∆
O is representable by a p-adic formal scheme.

The limit lim−→∆∈B̆Td
F∆ is equipped with an action of GLd(E): for g ∈ GLd(E), g acts on

a diagram of the form (3.7) by ηi 7→ gηi and φi 7→ φi ◦ g−1 for all i ∈ C∆. This makes the
isomorphism of the proposition GLd(E)-equivariant. To finish the proof of the proposition, it
remains to prove that F∆ is representable by a p-adic formal scheme, which is given by the
following lemma:
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Lemma 3.16. — Let h ∈ Z be such that ∆ ∈ BT −h
d . The functor F∆ is representable by a

p-adic formal scheme over O which is an open formal subscheme of

(3.8) Spf
O⟨xh, . . . , xh+d−1⟩
⟨xh · · ·xh+d−1 −ϖ⟩

,

where, for ik ∈ C∆, xik corresponds to the morphism Li → Lik+1
.

Proof. — We can suppose h = 0. It is enough to prove the claim for ∆ a maximal simplex, since
if ∆′ ⊂ ∆ then F∆′ → F∆ is an open embedding. Moreover, we can suppose ∆ = {η0, . . . ,ηd−1}
since GLd(E) acts transitively on the (d−1)-simplices. By Lemma 2.25 we get that F∆ ↪→ M̂loc

O
is an open immersion hence F∆ is representable by a p-adic formal subscheme.

Moreover, we see that F∆ is determined by the condition that φi(ei) vanishes nowhere. Hence

by Remark 2.27 we deduce that F∆ is the closed subscheme of the p-adic completion of (Ad−1

Ŏ
)d

hence we get a morphism

(3.9) F∆ → Spf
O⟨x0, . . . , xd−1⟩
⟨x0 · · ·xd−1 −ϖ⟩

Moreover, if we write T i−1
0 , . . . , T i−1

d−1 the coordinates on the i-th copy of Pd−1
O given by φi−1,

where both indices are considered in Z/d. Since T ii corresponds to φi(ei), we get the equations
for F∆:

T i+1
j = xiT

i
j , j ̸= i, i+ 1

ϖT i+1
i = xiT

i
i = xi.

Hence T ij = xi−1 . . . xj and the map (3.9) is an open immersion.

3.2.3. Generic fiber. — Let H̆d
E be the rigid generic fiber of H̆d

O; by the usual decomposition,
we get

H̆d
E = Hd

E × Z
where Hd

E is the rigid generic fiber of Hd
O. This is a rigid space over E, which we now describe

more explicitly; it is Drinfeld’s p-adic symmetric space.

Proposition 3.17. — We have a GLd(E)-equivariant isomorphism of rigid spaces over E

Hd
E
∼= Pd−1

E \
⋃

H∈HE

H,

where Pd−1
E is the d − 1-dimensional projective space viewed as a rigid spaces over E, HE is

the set of hyperplanes of Pd−1
E defined over E, and GLd(E) acts through the inverse action on

Pd−1
E = P(Ed).

Proof. — Let A be an affinoid E-algebra and let A+ ⊂ A be the ring of definition defined by
the power bounded elements. Let x ∈ Hd

E(A) = Hd
O(A+), using definition 3.12 x = (η, L, u, r)

and set

g(x) : Ad
r0⊗id−−−→ η0 ⊗O A

u0−→ L0 ⊗A+ A

which defines a point g(x) ∈ Pd−1
E (A) such that g(x) /∈

⋃
H∈HE

H(A) by Condition 2) of
Definition 3.12.

Using this proposition, we can define a map

r : |H̆d
E | → |B̆T d|.

For K/E a valued finite field extension and x ∈ Hd
E(K), we need define a norm r(x) := ∥·∥x

defined in the following way: trough Proposition 3.10, the point x defines an injective map
x : Ed → K, and ∥·∥x is obtained by restricting the field norm |·|K to Ed. We get the following
lemma, which is obtained through the proof of Proposition 3.10:
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Lemma 3.18. — Let e be the ramification index of K/E. Let e0, . . . , ed−1 ∈ Ed be a basis of
Ed and s1, . . . , sd ∈ [0, 1) be parameters of ∥·∥x given by Lemma 3.11 ordered so that s0 ⩾ · · · ⩾
sd−1. Then the simplex {ηi0 , . . . , ηir} associated with ∥·∥x by Proposition 3.10 is the unique
chain of lattices such that x induces a diagram

ηi0 ηi1 · · · ηir ηi0

m
esi0
K m

esi1
K · · · m

esir
K m

esi0
K ,

x x

ϖ

x

ϖ

and such that the induced map x⊗OK : ηij ⊗O OK → m
esij
K is surjective.

Corollary 3.19. — The following natural diagram is commutative:

|H̆d
E | |B̆T d|

B̆T d

r

Remark 3.20. — Using the theory of Berkovich the map r can be made into a genuine
retraction of the Berkovich space H̆d

E on the building |B̆T d| which gives the skeleton of the

space Hd
E (cf. [6]).

η0 η1

Hη1⊂η0
Z3

⊂ H2
Z3 Hη1⊂η0

Z3
⊂ H2

F3

Hη1⊂η0
Q3

⊂ H2
Q3

{3η0 ⊂ η1 ⊂ η0} ⊂ BT 2

P1
F3
\ P1(F3)P1

F3
\ P1(F3)Hη0

Z3
Hη1

Z3

r

⊗Z3Q3

mod 3

Figure 1. The formal scheme H∆
Z3

(upper left) for d = 2 and E = Q3 of the Drinfeld
symmetric space lying above a maximal simplex ∆ = {η0, η1} ⊂ BT2 (lower right), its
special fiber H∆

F3
(upper right) and its rigid generic fiber H∆

Q3
(lower left).
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4. The generic fibers

The purpose of this section is to prove the following

Theorem 4.1. — There exists a period morphism π : MĔ → Pd−1

Ĕ
which is an open immersion

with image Hd
Ĕ

giving a GLd(E)-equivariant isomorphism

π̆ : M̆Ĕ

∼−→ H̆d
Ĕ

The construction of π̆ out of π is easy, but we need to be a little bit careful for it to be
compatible with Weil descent (cf. §6.3). Recall that we have a decomposition indexed by the

height of the quasi-isogeny M̆ = ⊔i∈ZMi and a decomposition H̆d
Ĕ

= ⊔i∈ZHd
Ĕ,i

indexed by the

height of the lattice. Then π0 := π and πi := ϖ̆i ◦ π0 ◦ϖ−i for i ∈ Z which allows us to define
π̆ = ⊔i∈Zπi.

4.1. Vector bundles on the Fargues–Fontaine curve. — In this section we recall some
facts about the Fargues–Fontaine curve and the classification of vector bundles over it.

4.1.1. The Fargues–Fontaine curve. — We begin by recalling some facts from [32, Chapitre
6]. Let C be a perfectoid field containing E and let OC ⊂ C be its ring of integers. Let

Ainf := WO(O♭
C) where O♭

C := lim←−x7→xp
OC . The ring Ainf is endowed with a Frobenius map φ

defined by the Witt vector Frobenius of WO and with a surjective map θ : Ainf → OC called
Fontaine’s map. We choose ϖ♭ ∈ O♭

C defined by a compatible system of p-th power roots of ϖ

and consider its Teichmüller lift [ϖ♭] ∈ Ainf , we then get ker θ = ξAinf where ξ := (ϖ − [ϖ♭]).
Let B+

dR be the de Rham period ring, which is defined as the ker θ-completion of Ainf

[
1
p

]
.

Fontaine’s map defines a map θ : B+
dR → C. Let ε ∈ O♭

C be a compatible system of p-th roots of

unity, then the series t := log[ε] converges and defines an element in B+
dR which generates ker θ.

We also write BdR := B+
dR

[
1
t

]
.

Let B+
cr be the crystalline period ring, which is defined as the p-adic completion of the divided

power envelope of ker θ ⊂ Ainf

[
1
p

]
. The crystalline period ring is endowed with a Frobenius map

induced by the Witt vector Frobenius, which we still denote φ. We have a natural inclusion
B+
cr ⊂ B+

dR and one can check that t ∈ B+
cr so we write Bcr := B+

cr

[
1
t

]
.

Now define the following graded Qp-algebra

P :=
⊕
i⩾0

(B+
cr)

φ=ϖi
.

The Fargues–Fontaine curve is then defined as X := ProjP . Fargues and Fontaine show (cf.
[32, Théorème 6.5.2]) that X is a separated, connected, regular, scheme of dimension 1 that is
complete: there is a degree function deg : Div(X )→ Z inducing an isomorphism

(4.1) Pic(X )
∼−→ Z.

The main point of the proof is the fact that (B+
cr)

φ=1 is a principal ring. We will simply write
O := OX for the sheaf of regular functions on X . In particular, for k ∈ Z we write O(k) the
associated line bundle on X given by (4.1).

The element t ∈ B+
cr, together with Fontaine’s map, defines a C-point ι∞ : Spec(C) ↪→ X

called the point at infinity and simply written∞ ∈ X . There is a natural isomorphism between

the completed local ring of O at ∞ with the de Rham period ring, i.e. Ô∞ ∼= B+
dR. We write

U = X \ {∞} and we get Γ(U,O) = (B+
cr)

φ=1.
Let n ⩾ 0 be an integer. We define an étale cover πn : Xn → X where Xn is the Fargues–

Fontaine curve associated to En, the (unique) unramified extension of degree n of E. In other
words πn : Xn := ProjPn → X where

Pn :=
⊕
i⩾0

(B+
cr)

φn=ϖi
,
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and the map Xn → X0 = X is defined by the natural inclusion P0 ↪→ Pn. We simply write
On := OXn , hence O0 = O.

4.1.2. Vector bundles on the Fargues–Fontaine curve. — To every σ-isocrystal (D,ϕ) on k we
can associate a vector bundle E(D) on X by the graded P -module

E(D) :=
⊕
i⩾0

(D ⊗Ĕ B+
cr)

ϕ⊗φ=ϖi
.

Hence, the rank of E(D) is the dimension of D.
In particular, we know that to any λ ∈ Q one can associate a simple σ-isocrystal Dλ =

(Dλ, ϕλ) of slope λ and we simply write O(λ) := E(Dλ). Recall that if λ = d/h where d ∈ Z
and h > 0 are coprime, then Dλ is a Ĕ-vector space of dimension h and ϕλ = Cλσ where σ
is the Frobenius automorphism and Cλ is the companion matrix associated to the polynomial
Xh −ϖd, namely:

Cλ =


0 0 · · · 0 ϖd

1 0 · · · 0 0

0 1
. . .

...
...

...
. . .

. . . 0 0
0 · · · 0 1 0

 .

Hence O(λ) is associated to the P -graded module

Eλ :=
⊕
i⩾0

(B+
cr)

φh=ϖi+d
.

For λ ∈ Q we define m(λ) := inf{k ∈ N | kλ ∈ Z}, and for n ⩾ 0 we have

π∗nO(λ) = On(nλ)
⊕ m(λ)
m(nλ)

Moreover, since for k1, k2 ∈ Z we have O(k1)⊗O O(k2) = O(k1 + k2), for λ1, λ2 ∈ Q we get

O(λ1)⊗O O(λ2) = O(λ1 + λ2)
m(λ1)m(λ2)
m(λ1+λ2) .

Fargues and Fontaine compute the following:
Proposition 4.2. — Let λ ∈ Q and write λ = d/h where d ∈ Z and h > 0 are prime with
each other. Then

• If λ = 0, then H1(X ,O) = 0 and H0(X ,O) = E

• If λ > 0, then H1(X ,O(λ)) = 0 and

H0(X ,O(λ)) = (B+
cr)

φh=ϖd
.

• If λ < 0, then H0(X ,O(λ)) = 0 and

H1(X ,O(λ)) = B+
dR/(t

−dB+
dR + Eh).

Example 4.3. — The isocrystal M defines a vector bundle on X and we have

EDr := E(M(1)) = O
(
1
d

)⊕d
.

Hence H0(X , EDr) =
⊕

i∈Z/d Bφd=ϖ
cr and the action of Π is given by φ. Note that the graded

decomposition is not the grading induced by the action of Od, but rather a grading transverse
to it.
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4.1.3. Banach–Colmez spaces. — The cohomology groups of Proposition 4.2 can be interpreted
as C-points of Banach–Colmez spaces. The category BC of Banach–Colmez spaces as initally
been constructed by Colmez [21], [22]. We follow Le Bras’ presentation [51, Proposition].

Let PerfC be the category of perfectoid algebras over C endowed with the proétale topology.
We write VectE (resp. VectC) for the category of finite-dimensional E-vector spaces (resp. C-
vector spaces). To E we associate the constant sheaf E, and to C the additive sheaf Ga defined
for S ∈ PerfC by Ga(S) = S. Then (cf. [51, Definition 1.1]):

Definition 4.4. — The category BC of Banach–Colmez spaces is the smallest abelian sub-
category of proétale sheaves of E-vector space son PerfC which is stable under extensions and
contains E and Ga.

Let us mention that the category BC can also be interpreted in terms of sheaves on the
Fargues–Fontaine curve (cf. [51, Théorème 7.1]). There are fully faithful embeddings

VectE ↪→ BC, VectC ↪→ BC.
Moreover, BC is endowed with a faithful exact functor to Qp-Banach spaces given by X 7→ X(C).
We say that a Banach space lifts to a Banach–Colmez space if it is in the essential image of
this functor. The main result of Colmez is that these spaces admit a Dimension for which they
satisfy a rank theorem (cf. [21, Théorème 1.4]):

Theorem 4.5. — The category BC is equipped with an E-Dimension function(24) on objects:

DimE : BC → N× Z,
which is additive and such that DimEE = (0, 1) and DimEGa = (1, 0). Moreover, the subcate-
gory VectE (resp. VectC) identifies with the objects X ∈ BC such that the first component (resp.
the second component) component of DimEX is 0.

Example 4.6. — For λ ∈ Q such that λ = d/h where d ∈ Z and h > 0 are coprime, then

• if λ > 0, H0(X ,O(λ)) lifts to a Banach–Colmez space of E-Dimension (d, h),

• if λ < 0, H1(X ,O(λ)) lifts to a Banach–Colmez space of E-Dimension (−d, h).

4.1.4. Classification of vector bundles. — Let E be a vector bundle on X , we define the rank
rank E as the rank of the vector bundle and the degree by

deg E := deg det E .
The Harder–Narasimhan slope is the function on vector bundles defined by

µ := deg
rank .

The main point of this function is that we get a generalized Harder–Narasimhan theory as
defined in [32, 5.5]. Recall the following definition:

Definition 4.7. — A vector bundle E on X is called semi-stable if for every nonzero subbundle
E ′ ⊂ E we have µ(E ′) ⩽ µ(E) and stable if, moreover, µ(E ′) = µ(E) =⇒ E ′ = E .

Example 4.8. — We have µ(O(λ)) = λ. Let us quickly explain this, we write λ = d/h as

before. Since Xh → X is an étale map of degree h we have(25) deg π∗hO(λ) = h degOh(λ). But

we stated that π∗hO(λ) = Oh(d)h thus deg π∗hO(λ) = dh. Hence degO(λ) = d and we already
explained that rankO(λ) = h.

Recall the classification theorem for vector bundles on X .

Theorem 4.9. — The map D 7→ E(D) induces a bijection between isomorphism classes of
σ-isocrystals over k and isomorphism classes of vector bundles on X . Moreover, any semistable
vector bundle is of the form O(λ)⊕m where λ ∈ Q and m ⩾ 0 is an integer.

(24)Classically, the first argument of this Dimension was called the principal dimension and the second one the
residual dimension. Now, the terms of C-dimension and E-dimension, or, in the analogy with p-divisible groups,
of dimension and height are preferred.
(25)This is actually not an argument but a trustworthy proof requires to define deg more in detail.
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Since the usual proof (cf. [32, Chapitre 8]) of the classification theorem uses Drinfeld’s repre-
sentability theorem we want to recall the second proof given in [32, 8.4.2] using Banach–Colmez
spaces instead.
Proof. — By [32, Proposition 5.6.26] we only need to check that for any integer h ⩾ 0 and any
vector bundle E on Xh that fits into an exact sequence of the form

(4.2) 0→ Oh
(
− 1
n

)
→ E → Oh(1)→ 0,

where n ⩾ 1 is an integer, we have H0(Xh, E) ̸= 0. We can suppose h = 0 since we work with
any E. Applying H0 to (4.2), we need to show that the connection map

f : H0(X ,O(1))→ H1(X ,O
(
− 1
n

)
)

is not injective.
But by proposition 4.2 we get

H0(X ,O(1)) = (B+
cr)

φ=ϖ, H1(X ,O
(
− 1
n

)
) = C/En.

We now explain why there is no injective map (B+
cr)

φ=ϖ → C/En by lifting this morphism to
the category of Banach–Colmez spaces. The left-hand side lifts to a Banach–Colmez space of
E-Dimension (1, 1) and the right-hand side to a Banach–Colmez space of Dimension (1,−n).
Suppose given an injective map f : (B+

cr)
φ=ϖ → C/En and write V = coker(f) which by Theo-

rem 4.5 is a Banach–Colmez space of E-Dimension (0,−n − 1). So V is an E-vector space of
strictly negative dimension which is impossible.

An important corollary of the classification theorem is the following:

Corollary 4.10. — Semistable vector bundles on X of slope 0 correspond to finite-dimensional
E-vector spaces by the association V 7→ V ⊗E O.

We now simply call a trivial vector bundle a semistable vector bundle of slope 0.

4.1.5. (Minuscule) modifications of vector bundles (at ∞). — We will only consider modifica-
tions of vector bundles at infinity. Recall that U = X \ {∞}.

Definition 4.11. — Let E and E ′ be vector bundles X . We say that a morphism f : E ′ → E
is a modification if it is injective and induces an isomorphism

E
∣∣
U
∼= E ′

∣∣
U
.

We will simply say that E ′ is a modifications of E . Finally, if the cokernel of f is killed by t,
we say that E ′ is a minuscule modification of E and we say that it is a modification of degree
r ∈ N if this cokernel is of the form ι∞,∗C

r.

We recall that if E ′ is a minuscule modification of degree r of E then (cf. [32, 5.5.2.1])

rank E = rank E ′, deg E = deg E ′ + r.

Remark 4.12. — Usually, the type of a modification is given by a cocharacter µ. If E is a
vector bundle of rank n on X then a modification of degree r ∈ N corresponds to the minuscule
cocharacter

µ = (1, . . . , 1︸ ︷︷ ︸
r

, 0, . . . , 0︸ ︷︷ ︸
n−r

)

of GLn(E).

Notice that if E ′ is a modification of E the cokernel is indeed a B+
dR-torsion module. We recall

the classical result of Beauville-Laszlo applied to the curve. We define Berger pairs as pairs
(D,M+) where:

• D is a projective Be = (B+
cr)

φ=1-module of finite rank,

• M+ is a B+
dR-submodule of D ⊗Be BdR of maximal rank.
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These pairs naturally form a category. To a vector bundle E on X we associate such data by

(H0(U, E), Ê∞) where Ê∞ is the completion of the stalk of E at∞. The Beauville-Laszlo theorem
then states:
Proposition 4.13. — The association E 7→ (H0(U, E), Ê∞) defines an equivalence of categories

{Vector bundles on X} ∼=
{
Berger pairs (D,M+)

}
.

To a Berger pair (D,M+) we can thus associate a vector bundle written E(D,M+). This

allows us to identify modifications of E with lattices in Ê∞ i.e. Proposition 4.13 gives an equiv-
alence of categories:{

Modifications of E
} ∼= {

B+
dR-submodules M+ ⊂ Ê∞

such that M+
[
1
t

]
= Ê∞

[
1
t

] }
This allows to describe minuscule modifications as lattices M+ ⊂ Ê∞

[
1
t

]
such that tÊ∞ ⊂M+ ⊂

Ê∞, sometimes called minuscule lattices.

Proposition 4.14. — Let E be a vector bundle on X . Set n = rank E and let r be an integer
such that 0 < r < n. There is a natural bijection Isomorphism classes of

minuscule modifications of E
of degree r.

 ∼= Grr(Ê∞/tÊ∞),

where Grr(Ê∞/tÊ∞) ∼= Grr,n(C) is the Grassmannian of codimension r subspaces in Ê∞/tÊ∞ ∼=
Cn.

Remark 4.15. — If D is a σ-isocrystal over k and E = E(D) then the proposition 4.14 gives
a natural bijection between minuscule modifications of degree r of E and C-points of Grr(DdR)
the Grassmannian variety of codimension r subspaces of the E-vector space DdR := (D⊗ĔC)GE

where GE := Gal(Ē/E).

4.2. Isotrivial deformations and minuscule modifications. — We now explain how triv-
ial (i.e. semistable of slope 0) minuscule modifications are related to isotrivial deformations of
ϖ-divisible O-modules. The classical references, usually consider p-divisible groups, and we
slightly adapt them to include the O-action. We first define what this means:

Definition 4.16. — Let H be a ϖ-divisible O-module over k (cf. Definition 2.1). An isotrivial
deformation of H over OC is a pair (G, ρ) where G is a ϖ-divisible O-module over OC and ρ is
a O-linear quasi-isogeny

ρ : H ⊗k OC/p 99K G⊗OC
OC/p.

Moreover, given a second isotrivial deformation (G′, ρ′) of H over OC , we say that (G, ρ) and
(G′, ρ′) are isogenous if ρ′ ◦ ρ−1 lifts to a quasi-isogeny G 99K G′.

To a ϖ-divisible O-module H over k, we can associated (cf. Remark 2.7) an isocrystal D
characterizing the isogeny class of H to which, using theorem 4.9, we can then associate a
vector bundle E(H) := E(D(1)) on X which also characterizes the quasi-isogeny class of H. In
this subsection, we will explain the following theorem due to Scholze Weinstein [60] (cf. also
[31, Théorème 1.11]):

Theorem 4.17. — Let H be a ϖ-divisible O-module over k. We have a functorial bijection{
Isogeny classes of isotrivial

deformations (G, ρ) of H over OC .

}
∼=

{
Isomorphism classes of trivial minuscule

O-linear modifications of E(H)

}
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4.2.1. Scholze–Weinstein’s Dieudonné theory for ϖ-divisible O-modules. — Let G be a ϖ-
divisible O-module over OC To G we associate its universal cover and its Tate module

G̃ := lim←−
[ϖ]

G, Tϖ(G) := lim←−
n

G[ϖn](OC).

We also set Vϖ(G) := Tϖ(G) ⊗O E its rational Tate module which is an E-vector space. By

[60, Proposition 3.1.3], G̃ defines a crystal on NCRISO((OC/p)/O) and only depends on G0 :=
G ⊗OC

OC/p, the base change of G to OC/p. Using the same argument as in the proof of
Proposition 2.5 to adapt the Dieudonné theory of [60, Theorem A] we get

MO(G)φ=ϖ = Hom(E/O, G0)
[
1
p

]
= G̃(OC/p) = G̃(OC)

where MO(G) := DO(G)(Acr→OC/p)[
1
p

]
is a projective Be-module. In other terms, let H be a

ϖ-divisible O-module over k and suppose that (G, ρ) is an isotrivial deformation of H over OC

then

G̃(OC) = (DO(H)⊗Ŏ B+
cr)

φ=ϖ = Γ(X , E(H)).

We recall the following lemma:

Lemma 4.18. — Let H be a ϖ-divisible O-module over k and let (G, ρ) and (G′, ρ′) be isotrivial

deformations of H over OC then ρ′ ◦ ρ−1 induces an isomorphism G̃ ∼= G̃′.

The following remark stresses the translation between p-divisible groups and ϖ-divisible O-
modules:

Remark 4.19. — Let G be a ϖ-divisible O-module over OC . The definitions of G̃0 and Tϖ(G)
we give here are the same as those for p-divisible groups in [60]. Indeed, it is clear that

G̃ = lim←−
[p]

G, Tϖ(G) = lim←−
n

G[pn](OC).

Moreover, let

(DZp(H)⊗WZp (k)
B+
cr)

φp=p ∼= (DO(H)⊗Ŏ B+
cr)

φE=ϖ,

where φp on the left is given by the Witt vector Frobenius of WZp . The strategy for proving
this is the same as for Proposition 2.5. If O → O′ is totally ramified, then it is obvious. If
O → O′ is unramified, then we use the map

DO(G)0 ⊗Ŏ′ B+
cr = DO′(G)⊗Ŏ′ B+

cr → DO(G)⊗Ŏ B+
cr =

⊕
i∈Z/f

DO(G)i ⊗Ŏ′ B+
cr,

given by x⊗ y 7→ (V jx, φ−j(y))j∈Z/f .

Let n ∈ N and Gn := G ⊗OC
OC/p

n be the base change to OC/p
n. Following Scholze–

Weinstein, we define a map (cf. [60, Lemma 3.2.1]) sG : G̃n → EO(Gn) given on points by the

following: to x ∈ G̃n viewed as a sequence xm ∈ Gn we associate a lift ym ∈ EO(Gn) and then
set

sG(x) = lim
m
ϖmym.

This map defines a map of crystals which combined with the logarithm gives a map G̃0 →
MO(G0). Recall that the logarithm (cf. [33, §B.5.2]) defines a map G → Lie(G) ⊗OC

C.
Moreover, Messing’s theory gives a map

hG : MO(G0)→ Lie(G)⊗OC
C.

These maps are compatible in the following way, expressing a compatibility between the Hodge
filtration and the universal cover:

Proposition 4.20. — The following diagram commutes:
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G̃ MO(G)

G Lie(G)⊗OC
C

hG

logG

Remark 4.21. — Note that the logarithm in this section depends on the chosen O-PD struc-
ture (cf. [33, Remarque B.5.12])

4.2.2. From ϖ-divisible O-modules over OC to minuscule modifications. — The three objects

Vϖ(G), G̃0 and LieG are related in the following way (cf. [60, Proposition 5.1.6]):

Proposition 4.22. — The following sequence is exact:

0→ Vϖ(G)⊗E O → G̃(OC)→ LieG⊗OC
C → 0.

Corollary 4.23. — Let G be a ϖ-divisible O-module over OC . The exact sequence 4.22
extends to an exact sequence of quasi-coherent sheaves on X

0→ VG ⊗E O → E(G)→ ι∞∗Lie(G)→ 0

which defines a trivial minuscule modification of E(G).

4.2.3. From minuscule modifications to ϖ-divisible O-modules. — This characterization de-
pends on the classification of ϖ-divisible O-modules by Fargues and Scholze–Weinstein(cf. [60,
Theorem 5.2.1]):

Theorem 4.24. — There is an equivalence of categories{
ϖ-divisible O-modules over OC

} ∼= {
Pairs (T,W ), where T is a free O-module of finite rank,

W ↪→ T ⊗O C(−1) defining a C-vector subspace

}

LetG be aϖ-divisible O-module over OC , then the associated pair (T,W ) is (Tϖ(G),LieG⊗OC

C) and the map is given by the dual of the Hodge-Tate map, which we now recall. The Hodge-
Tate map of GD:

α∨
GD : W → T ⊗O C(−1),

is the dual of the inverse limit of αGD[pn] : G
D[pn]→ ωG[pn] defined sending f : G[pn]→ Gm to

αGD[ϖn](f) := f∗ dxx .

Using this theorem, Scholze–Weinstein prove the following (cf. [60, Theorem 6.2.1], [60,
Proposition 5.1.6]):

Proposition 4.25. — Let H be a ϖ-divisible O-module over k. Given a minuscule modifica-
tion of E(H),

0→ F → E(H)→ ι∞∗W → 0

Then F is semi-stable of slope 0 if and only if there exists (G, ρ), an isotrivial deformation of
H over OC such that F = Vϖ(G)⊗E O, W = LieG⊗OC

C and the modification is given by ρ.

We still need to treat isogenies of isotrivial deformations, which is given by the following:

Corollary 4.26. — Let (G, ρ) and (G′, ρ′) be two isotrivial deformations over OC of a ϖ-
divisible O-module H over k. Then the quasi-isogeny ρ′ ◦ρ−1 : G0 99K G′

0 lifts to a quasi-isogeny
G 99K G′ if and only if the associated modifications are isomorphic.
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4.3. Modifications of EDr. — In this subsection we compute minuscule modifications of EDr,
the proposition is the following:

Proposition 4.27. — Let E be a D-linear modification of EDr of degree d. Then, either E is
trivial, i.e. E ∼= O ⊗E D, else there exists r ∈ J1, d− 1K such that

E ∼= O
(
1
d

)⊕r ⊕O(− r
d(d−r)

)⊕m
,

where m = lcm(d, d− r).

4.3.1. Minuscule D-linear modifications. — Let us first define what D-bundles and D-
modification mean:

Definition 4.28. — A D-bundle on X is a vector bundle E on X of rank d2 endowed with a
faithful action of the algebra D (i.e. a locally free right D-module of rank 1 in the category of
vector bundles on X ). We moreover say that a map f : E ′ → E between D-bundles is D-linear
if f commutes with the action of D. In particular, we say that E ′ is a D-linear modification of
E if it is given by a D-linear map.

Notice that if E ′ is a D-linear modification of E then the cokernel of the map E ′ ↪→ E is a
coherent sheaf concentrated at ∞ endowed with an action of D×. Moreover, if it is minuscule,
then its degree is divisible by d. We could also express this definition in terms of D×-torsors on
X . For example EDr and O ⊗E D are D-bundles on X .

We prove the following lemma:

Lemma 4.29. — We have a natural bijection

{D-linear minuscule modifications of EDr} ∼= Pd−1(C)

Proof. — Let E = EDr, Ê∞/tÊ∞ ∼= M ⊗Ĕ C is endowed with its natural D action. Adding

the action of D to Proposition 4.14, we see that D stable points of Grd(Ê∞/tÊ∞) correspond
to D-linear minuscule modifications of E . Using Lemma 2.23 we get that D-stable points of
Grd(M⊗Ĕ C) are identified with

P(η0 ⊗O C) = Pd−1(C).

Remark 4.30. — There is a more “representation-theoretic” way to see this lemma. Notice
that M ⊗Ĕ C ∼= Cd ⊗C (Cd)∗ where D× ↪→ GLd(C) acts as the standard representation on
the left factor and trivially on the right factor. Hence, we are looking for GLd(C)-equivariant
subspaces of Cd ⊗C (Cd)∗ of codimension d which corresponds to 1-dimensional subspaces of
(Cd)∗: this is just Pd−1(C).

4.3.2. The two tower principle. — The so called ”two tower principle” usually designates the
isomorphism between the Lubin–Tate tower and the Drinfeld tower. Through the Fargues–
Fontaines curve this can naturally be described as an equivalence between D-bundles and rank
d-bundles on X . We prove the following:

Proposition 4.31. — There is an anti-equivalence of categories

{D-bundles on X}
HomD

(
· ,O

(
1
d

))
−−−−−−−−−−−⇀↽−−−−−−−−−−−
Hom

(
· ,O

(
1
d

)) {Rank d vector bundles on X}

given by E 7→ HomD(E ,O
(
1
d

)
) and whose inverse is given by F 7→ Hom(F ,O

(
1
d

)
). Moreover,

this anti-equivalence is compatible with modifications, sending D-linear minuscule modification
of degree dr to minuscule modifications of degree r.
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Recall that the action of D on O
(
1
d

)
is given by the Frobenius (cf. Example 4.3). This

proposition can be seen as a Morita equivalence (cf. [5, Chapter II, Theorem 3.5] where it is

stated for modules(26).
Proof. — To avoid ugly displays, let λ = 1

d . To show that the functors are Morita equivalences
between the categories of vector bundles and vector bundles endowed with a (faithful) action
of D, we check the conditions of [5, Chapter II, Definition 3.2]:

O(λ)⊗O O(−λ) = EndOO(λ) = D⊗E O

hence we get :

O(λ)⊗D⊗EO O(−λ) = O.
Restricted to U = X \{∞}, we get that this Morita equivalence sends modifications to modifica-
tions and considering the action by t, we get that it sends minuscule modifications to minuscule
modifications. It only remains to show the claims on rank and degree, and, since we already
have a Morita equivalence, it suffices to check that F 7→ Hom(F ,O(λ)) sends rank d vector
bundles to rank d2-vector bundles and degree r modifications to degree dr modifications.

First, let F be a rank d vector bundle, then by the multiplicativity of the rank for the tensor
product we get

rankHom(F ,O(λ)) = rank(F∨ ⊗O O(λ)) = d2.

For the claim on the degree, we need to check Ext1(ι∞,∗C,O(λ)) = ι∞,∗C
d. Let

r := dimC Ext1(ι∞,∗C,O(λ)).

Since this Ext-sheaf is supported at ∞ ∈ X , it is enough to check that r = d. We apply
Hom( · ,O(λ)) to the fundamental exact sequence

0→ O → O(1)→ ι∞,∗C → 0.

Using Proposition 4.2, and the fact that there are no nonzero maps ι∞,∗C → O(λ), we get the
exact sequence

0→ H0(X ,O(λ))→ Ext1(ι∞,∗C,O(λ))→ H1(X ,O(λ− 1))→ 0

which lifts to an exact sequence of Banach–Colmez spaces:

0→ (B+
cr)

φd=ϖ → Cr →
B+
dR

td−1B+
dR + Ed

→ 0.

Computing E-Dimensions using Example 4.6 we get (1, d) for the left term and (d − 1, d) for
the right one: by Theorem 4.5, we get r = d.

Example 4.32. — Let λ = 1
d , since EDr = O(λ)⊕d the proof of the proposition gives

HomD(EDr,O(λ)) = O⊕d. Hence a D-linear modification

0→ E → EDr → ι∞,∗C
d → 0

is sent to the modification

0→ Od → F → ι∞,∗C → 0,

where F := HomD(E ,O(λ)). This gives the next corollary.

Corollary 4.33. — The equivalence of Proposition 4.31 induces a natural bijection{
D-linear modifications of EDr

of degree d

}
∼=


Rank d vector bundles F equipped with

a trivial modification Od ↪→ F
of degree 1

 .

(26)The translation for vector bundles can be either deduced from the proofs or from Berger pairs. With more
care, it can also be deduced from isocrystals.
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4.3.3. Trivial minuscule modifications of degree 1. — By Corollary 4.33 we reduced the proof
of Proposition 4.27 to the proof the following (cf. [32, Theorème 5.6.29], but we give a different
proof):

Proposition 4.34. — Let F be a rank d vector bundle on X admitting a trivial modification
of degree 1, then there exists r ∈ J0, d− 1K such that

F ∼= Or ⊕O
(

1
d−r

)
.

Indeed, computing Hom(F ,O
(
1
d

)
) we get back Proposition 4.27.

We first give a shorter proof, using the classification of vector bundles on the Fargues–Fontaine
curve.
Proof. — Let

0→ Od → F → ι∞,∗C → 0

be a modification. By Theorem 4.9 we can write F =
⊕

i∈I O(λi) for λi ∈ Q.
Let us show that for all i ∈ I, λi ⩾ 0. Suppose otherwise, let j ∈ I be such that λj < 0.

Since Hom(O,O(λj)) = 0 we get that Od ↪→
⊕

i̸=j O(λi), so O(λj) is contained in the cokernel.
This is a contradiction since the cokernel is supported at ∞ ∈ X .

Now since degF = 1 by additivity of the degree function, and since degO(λi) ⩾ 1 if and
only if λi ⩾ 0, we deduce that there exists at most one i ∈ I such that λi > 0 and that λi = 1

r′

for r′ ∈ N. Since rankO(λi) = r′ we get r′ ⩽ d and finally

F ∼= Or ⊕O
(

1
d−r

)
.

To show different techniques, we give a different proof. Using Theorem 4.17 we reduce the
proposition to the following:

Proposition 4.35. — Let K be either C or a finite extension of Ĕ. Let G be a ϖ-divisible
O-module over OK of height d and dimension 1. Then there exists r ∈ J0, d− 1K such that

DO(G) = Dr
0 ⊕D1/(d−r).

Proof. — Let us first reduce this claim to the case where K is a finite extension of Ĕ. Let
H = G⊗OK

k be the associated special fiber, which is a ϖ-divisible O-module over k. Then, by
the representability theorem of Rapoport–Zink (cf. [56, Theorem 3.25]), we get that the functor
on NilpŎ defined by

M̆H : R 7−→
{

(G, ρ) | G is a ϖ-divisible O-module over R of dimension 1,
ρ : H ⊗k R/p 99K G⊗R R/p an O-linear quasi-isogeny

}
,

is represented by a formal scheme over Ŏ formally locally of finite type. Hence M̆H(OC) ̸= 0 if

and only if M̆H(OK) ̸= 0 for some finite extension K/Ĕ. This means that Proposition 4.35 is

true for K = C if and only if it is true for all finite extensions K of Ĕ.
Let K be a finite extension of Ĕ and let G be a ϖ-divisible O-module over OK . Let D =

DO(G) and let 0 ⩽ λ1 ⩽ · · · ⩽ λs ⩽ 1 be its slopes. By the classification of ϖ-divisible O-
modules over OK we know that the Newton polygon of G is above the Hodge polygon of G,
given by (1, 0, . . . , 0︸ ︷︷ ︸

d−1

), and that they have the same end point. Since the Newton polygon of G

has integral break points, it takes the following form:
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d

1

d− 1r

Figure 2. In red, the Newton polygon of G, in blue the Hodge polygon of G.

Hence, there exists an integer r ∈ J0, d− 1K such that the slopes of D are 0 (with multiplicity
r) and 1

d−r (with multiplicity d− r), which proves the proposition.

Remark 4.36. — Note that the condition on the polygons in Figure 2 can be expressed as
the weak admissibility condition for the filtered ϖ-module (Dcr(Vϖ(G)), DdR(Vϖ(G))).

4.4. The period morphism. — Recall that we write MĔ the generic fiber (in the sense

of Berthelot) of MDr which is a rigid space over Ĕ. We refer to [56, Chapter 5], and more
specifically to [56, 5.47] for the definition of the period morphism in the Drinfeld case, which
we now recall.

4.4.1. Definition. — We define the Grothendieck–Messing period map π : MĔ → Pd−1

Ĕ
where

Pd−1

Ĕ
is the projective space of dimension d−1 seen as a rigid space over Ĕ. Let A be an affinoid

algebra over Ĕ and A+ ⊂ A the ring of definition given by power bounded elements; A+ is a
p-adically complete Ŏ-algebra and A := A+ ⊗O E, for x = (X, ρ) ∈ ME(A) = MDr(A

+), we
write D := DO(X)A+ for the Dieudonné crystal of X evaluated at A+ (cf. Remark 2.9) and
D0 ⊂ D its 0-th graded piece. Recall, by the definition of the crystal and §2.1.5

DO(X ⊗A+ A+/p)(A+→A+/p)
∼= D =

⊕
i∈Z/d

Di

and that the map induced by the Hodge filtration defines a graded map hX : D → Lie(X) (cf.
2.8). Moreover, the quasi-isogeny ρ : X⊗kA+/p→ X⊗A+ A+/p induces a graded isomorphism
M⊗Ŏ A

∼= D ⊗A+ A which gives

M0 ⊗O A ∼= D0

[
1
p

]
.

Then π is defined by

π(x) :=

[
A⊗E Ed → D0

[
1
p

] hX,0−−−→ Lie (X)0
[
1
p

]]
∈ Pd−1

Ĕ
(A)

where we used the identification Ed ∼= MU=1
0 ⊗O E from §2.2.3.

Remark 4.37. — Here is a slightly more conceptual way to understand the period map
π : MĔ → Pd−1

Ĕ
:

As described in [56, 5.16] (cf. also [33, I.2.1] in the Lubin–Tate case, which is similar, but in
terms of convergent crystals), we can consider (Xuniv, ρuniv) the universal object overMDr and
consider the Dieudonné crystal DO(Xuniv) of Xuniv and evaluate it at O+

Dr, the structure sheaf
of MDr before inverting p:

Duniv,+ := DO(Xuniv)(O+
Dr→O+

Dr/p)
, Duniv := Duniv,+

[
1
p

]
.
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This defines a ODr-module and Rapoport–Zink show (cf. [56, Proposition 5.15]) that ρuniv

induces an isomorphism of ODr-modules commuting with the action of OD:

(4.3) M⊗Ŏ ODr
∼= Duniv

Moreover, Grothendieck–Messing theory gives a surjective morphism

hXuniv : Duniv,+ → Lie(Xuniv)

whose composition with (4.3) gives a surjective morphism

M⊗Ŏ ODr → Lie(Xuniv)
[
1
p

]
.

Restricting this map to the 0-th graded piece, this defines the Grothendieck–Messing period
map π : MĔ → Pd−1

Ĕ
.

4.4.2. Injectivity on points. — By Proposition 4.20, if x = (X, ρ) ∈ MĔ(C), then π(x) ∈
Pd−1(C) corresponds by Lemma 4.29 with the modification of EDr defined by x. Hence on C-
points, the period map π : MĔ(C)→ Pd−1(C) is given by combining theorem 4.17 (to which we
add an action of OD) and lemma 4.29.

Proposition 4.38. — For a valued field extension K/Ĕ, the map π : MĔ(K) → Pd−1(K) is
injective.

Proof. — It is enough to prove the proposition for K = C an algebraically closed complete
field extension of Ĕ. Let x1 = (X1, ρ1), x2 = (X2, ρ2) ∈ MĔ(C) be two points such that
π(x1) = π(x2), meaning that these two points define isomorphic modifications of EDr := E(X).
Hence, by Theorem 4.17, we get an OD-linear quasi-isogeny f : X1 → X2 of height zero. Now
by Theorem 4.24, if we write (Ti,Wi) := (Tϖ(Xi),LieXi ⊗OC

C) for i = 1, 2, then f induces a
OD-linear isomorphism

f : T1
[
1
p

] ∼−→ T2
[
1
p

]
,

matching W1 and W2 when tensoring with C(−1), and we only need to check that this iso-
morphism induces an isomorphism between T1 and T2 by the fully faithfulness. But recall
that

EndOD
(T1

[
1
p

]
) = E

and since f is of height zero it is given by an invertible element f ∈ O×. This finishes the
proof.

4.4.3. Surjectivity on points. — The following lemma gives the weakly admissible condition
for a D-stable two step filtration on F ⊂M ⊗Ĕ K. This describes the image of π on classical
points:

Lemma 4.39. — Let K/Ĕ be a valued field extension. Let F ⊂ M ⊗Ĕ K be a K-subspace
of codimension d which is stable by D. The filtered φ-module defined by M with the two step
filtration Fil• defined by Fil1 = F is weakly admissible if and only if F0 ⊂ η0 ⊗O K does not
contain an E-rational line.

Proof. — The proof is given in [56, Proposition 1.45], we shortly recall it. Let L0 ⊂ η0 ⊗O E
be a 1-dimensional E-vector space. We will show that F defines an admissible filtration if and
only if

dimK(F0 ∩ (L0 ⊗E K)) ⩽
d− 1

d
,

which implies the claim. Let L ⊂ M be the d-dimensional isocrystal associated with L0 by
lemma 2.23 which is of slope d−1

d . Moreover:

dimK(F ∩ (L ⊗Ĕ K)) = d dimK(F0 ∩ (L0 ⊗E K))

Hence, writing down the weakly-admissible condition (“the Newton point is above the Hodge
point”) for the filtered subisocrystal given by L ⊂M we get

d dimK(F0 ∩ (L0 ⊗E K)) = dimK(F ∩ (L ⊗Ĕ K)) ⩽ dimĔ(L) · d− 1

d
= d− 1.
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This proves the claim.

Proposition 4.40. — Let x ∈ Pd−1(C) defining a modification Ex of EDr. Then the vector
bundle Ex is trivial if and only if x ∈ Hd

Ĕ
(C), meaning that the hyperplane defined by x does not

contain any E-line.

Proof. — By Proposition 4.27, the vector bundle Ex is not trivial if and only if it is of the form
Ex ∼= O(1d)⊕E ′. In that case we get a D-linear injective map O(1d) ↪→ EDr which is in the kernel

of map EDr → ι∞,∗C
d defining the modification. Moreover, this inclusion defines a subisocrystal

D′ ⊂ M which is stable by D and by the previous observation, if we write F ⊂ M ⊗Ĕ C the
subspace defined by x, we get D′ ⊂ F . But then, using the same construction as in 4.39 we get
an E-line (D′

0)
U=1 ⊂ η0 ⊗O E such that (D′

0)
U=1 ⊂ F0. Hence we have proved that Ex is not

trivial if and only if x ∈ Pd−1(C) contains an E-line which is equivalent to

x ∈
⋃

H∈HE

H(C).

Remark 4.41. — Notice that the former proposition is a “weakly admissible =⇒ admissible”
theorem for the Drinfeld space and it can be deduced from the general theorem of Chen–Fargues–
Shen (cf. [19]). The proof is in fact the simplified version of their argument, explained in [19,
Remark 6.2], which is the case where modifications can be described by subisocrystals.

Corollary 4.42. — Let K/Ĕ be a valued field extension, then

π(MĔ(K)) = Hd
Ĕ

(K).

4.4.4. The period morphism is an open immersion. — We end the proof of the theorem by
showing that the period morphism is an open immersion, which implies it is an isomorphism
on its image. We start with a lemma, coming from(27) [33, Lemme I.42].

Lemma 4.43. — Let K be a complete non-archimedean valued field and f : X → Y an étale
map between sheafy adic spaces (in particular adic spaces associated to rigid spaces) over K. If
for every valued field extension L/K the induced map f(L) : X(L) → Y (L) is injective then f
is an open immersion.

Proof. — For convenience, we detail the proof. Recall that an étale map between rigid spaces
is open (since it is smooth, cf. [47, Proposition 1.7.8]) and the hypothesis gives that f induces
an injection |f | : |X| ↪→ |Y | on the underlying topological spaces that is a homeomorphism on
its image. This means that |f | : |X| ↪→ |Y | is an open inclusion and we only need to check that
for x ∈ X, the induced map g = f∗x : OY,f(x) → OX,x is an isomorphism. Write A := OY,f(x)
and B := OX,x which are henselian K-algebras by [36, Proposition 3.2.10]. Then g : A→ B is
finite étale. The hypothesis tells us that for every valued field extension L/K we get a bijection

Hom(B,L)
∼−−→
·◦g

Hom(A,L)

meaning in particular that g induces an isomorphism between the residue fields κ(g) : κ(A)
∼−→

κ(B). But since A and B are henselian this implies that g is an isomorphism, which concludes
the proof.

As a consequence of the lemma we get the following corollary, which concludes the proof of
Theorem 4.1.

Corollary 4.44. — The period morphism π : MĔ → Pd−1

Ĕ
is an open immersion whose image

is Hd
Ĕ
.

(27)In the scheme case, the fact that an injective étale map is an open immersion is sometimes known as
Grothendieck’s theorem. For a rigid space there is the additional feature that it is enough to ask injectivity
on geometric points, since the local rings are Henselian.
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5. The (perfected) special fibers

Recall that k is the residue field of Ŏ. Let M̆k be the special fiber of M̆Dr and Mk be the
special fiber of MDr. Let X be a scheme over k, let F : X → X be its absolute Frobenius. We
define the perfection of X as

(5.1) Xpf := lim←−
F

X.

Note that we then have |Xpf | = |X|. Moreover, Xpf represents the functor Hom( · , X) restricted
to the category Perfk of perfect schemes over k. The perfection defines a functor from schemes

over k to perfect schemes over k: iff : X1 → X2 is a morphism, we get a morphism fpf : Xpf
1 →

Xpf
2 , the perfection of f .

We consider M̆pf
k the perfection of M̆k, and H̆d,pf

k the perfection of the special fiber of H̆d
Ŏ

.

We will prove the following

Theorem 5.1. — There exists a GLd(E)-equivariant isomorphism

f : M̆pf
k

∼−→ H̆d,pf
k .

5.1. The special fiber of H̆d
O. — The purpose of this section is to show that the irreducible

components of(28) H̆d,pf
k are compactified Deligne–Lusztig varieties.

5.1.1. Deligne–Lusztig varieties and compactifications. — We start by defining the flag variety
where, for later convenience, we introduce a shift in the indices and work over perfect algebras.
If the indices confuse the reader, it is harmless to consider i = 0.

Let η be an O-lattice of Ed and i ∈ Z its logarithmic index. Let F ℓpfη be the perfect k-scheme
representing the functor defined by

R ∈ Perfk 7−→ {(Dj)j∈Z}

where (Dj)j∈Z is a set of WO(R)-submodules of Ed ⊗O WO(R) such that:

1. ∀j ∈ Z Dj ⊊ Dj+1 and Dj+1/Dj is a locally free R-module of rank 1,

2. Di = η ⊗O WO(R),

3. ∀j ∈ Z, Dj = ϖDj+d.

Considering the data modulo ϖη, since WO(R) is ϖ-complete and torsion-free because R is

perfect, we get that F ℓpfη is isomorphic to the perfection of the flag variety associated to η/ϖη.
Hence by [42, Proposition (9.9.3)], this functor is represented by a projective scheme over k.

To avoid heavy indices, we will just write (Dj)j ∈ F ℓpfη (R). Recall that GLd(E) acts on Ed

through the standard action and let

GL(η) := {g ∈ GLd(E) | g.η = η} ⊂ GLd(E),

the stabilizer of η ⊂ Ed. Then GL(η) naturally acts on F ℓpfη for g ∈ GL(η) by

(5.2) g : (Dj)j 7−→ (g ·Dj)j .

Notice that this action factors through the map GL(η)→ GL(η̄) induced by the reduction mod
ϖ.

Recall that for R ∈ Perfk, WO(R) is equipped with a Frobenius endomorphism σ : WO(R)→
WO(R) which is moreover an automorphism. In particular, η ⊗O WO(R) is equipped with a
Frobenius automorphism which we still denote by σ.

Definition 5.2. —

• Let Xη,pf
k be the subfunctor of F ℓpfη defined by

R ∈ Perfk 7−→ Xη,pf
k (R) := {(Dj)j ∈ F ℓpfη (R) | ∀j ∈ Z, Dj ⊂ σ(σ∗Dj+1)}

(28)The results of this paragraph also hold for the unperfected version over kE .
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• Let Y η,pf
k be the subfunctor of Xη,pf

k defined by

R ∈ Perfk 7−→ Y η,pf
k (R) := {(Dj)j ∈ F ℓpfη (R) | ∀j ∈ Ji+ 1, i+ dK, Dj =

j−i−1⊕
l=0

σl((σ∗)lDi+1)}

It is clear that Xη,pf
k is representable by a closed subscheme of F ℓpfη , hence it is projective,

and Y η,pf
k is representable by an open subscheme of Xη,pf

k . Moreover, these schemes are stable

under the action GL(η) on F ℓpfη hence GL(η) acts on Y η,pf
k and Xη,pf

k through the formula
(5.2). Note that the isomorphism classes of these spaces do not depend on η but only on d, as
illustrated by the following remark:

Remark 5.3. — The variety Y η,pf
k is isomorphic to the perfection of the Deligne–Lusztig

variety (cf. [27]), for GLd(kE) associated to the longest Coxeter element w := sd−1 · · · s1, which

we denote Yk. Moreover, Xη,pf
k is isomorphic to the perfection of the standard compactification

of Yk, which we denote Xk. Indeed, considering the data mod ϖ, one can prove that (cf. [27,
2.2]):

Yk := Pd−1
k \

⋃
H∈HkE

H

where HkE is the set of hyperplanes of Pd−1
k defined over kE . Using a basis of η/ϖ, we get an

isomorphism Pη̄ ∼= Pd−1
k and the above map is given, for R ∈ Algk, by

(Dj)j ∈ Yk(R) 7−→ Di/Di−1 ∈ Pη̄(R) ∼= Pd−1
k (R)

Moreover, Xk is the Demazure–Hansen compactification of Yk defined by Deligne and Lusztig
(cf. [27, 9.1, 9.10]). Hence it is smooth and projective over k (cf. [27, Lemma 9.11]).

With a little more work (cf. [37, Chapitre II, Proposition 1.6]), we can show that Xk is an

iterated blow-up of the projective space. For i ∈ N we define Ri ⊂ Pd−1
k the closed subscheme

parametrizing kE-rational linear subspaces of dimension i. Then Xk is the successive blow-up

of Pd−1
k along R̃i, the strict transform of Ri. Formally, this is

Xk := Bl
R̃d−2

(· · ·BlR0(Pd−1
k ) · · · ).

For example, if d = 2, we get that Xη,pf
k is the perfection of Pη̄ ∼= P1

k and that Y η,pf
k is the

perfection of
Pη̄ \ P(η̄) ∼= P1

k \ P1(kE).

5.1.2. Connected components as lattice subschemes. —
Lemma 5.4. — The k-scheme H̆d

k satisfies the valuation criterion. Meaning that any mor-

phism Spec K → H̆d
k, where K is the fraction field of a discrete valuation ring A over k, lifts

uniquely to a morphism Spec A→ H̆d
k.

Proof. — The uniqueness part of the valuation criterion comes from the fact that H̆d
k is separated

(cf. [56, Proposition 3.70]), so we need to check the existence part. Let Spec K → H̆d
k be a

morphism. Using Definition 3.12, this morphism corresponds to the data(29) of an O-lattice η0,
a 1-dimensional K-vector space L0 and a map u0 : η0 → L0 such that uK : η0 ⊗O K → L0 is
surjective and η0/ϖ → L0 is injective. Define

L+
0 := im

(
η0 ⊗O A→ L0

)
,

which is a rank 1 A-module. Let t be a uniformizer of A. Note that since η0/ϖη0 → L+
0 /t

may not be injective, this does not directly define an A-point of H̆d
k. The existence of a lift

Spec A→ H̆d
kis equivalent to the existence of an integer r such that 0 ⩽ r ⩽ d and

• ϖη0 = ηr+1 ⊊ ηr ⊊ · · · ⊊ η1 ⊊ η0, O-lattices of Ed,

(29)We change our conventions on indices to make the proof more readable.
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• L+
r , . . . , L

+
0 , A-modules of rank 1,

• for any i = 0, . . . , r an O-linear morphism ui : ηi → L+
i such that ηi/ηi+1 ↪→ L+

i /t is injective.

• for any i = 0, . . . , r, an A-linear morphism Ti+1 : L+
i+1 → L+

i such that Ti ⊗K is an isomor-
phism, Ti ⊗ k = 0, and the following diagram commutes

(5.3)

ηi+1 ηi

L+
i+1 L+

i .

ui+1 ui

Ti

We will define these data recursively, suppose ηi, L
+
i , Ti, ui are defined for a certain i and define

them for i+ 1. If ηi/ϖη0 → L+
i /t is injective, we are done, and r = i. Else, set

• ηi+1/ϖη0 := ker
(
ηi/ϖη0 → L+

i /t
)

which defines ηi+1 ⊂ ηi,
• L+

i+1 := ui
(
ηi+1 ⊗O A

)
⊂ L+

i and ui+1 : ηi+1 → L+
i+1 is the restriction of ui to ηi+1,

• Ti+1 : L+
i+1 → L+

i defined by the inclusion ηi+1 ⊂ ηi.
The diagram (5.3) commutes by construction and it only remains to show that Ti+1 ⊗K is an
isomorphism and Ti+1 ⊗ k = 0. But note that, by construction, we actually have

L+
i+1 = ui(ηi+1 ⊗O A) = tL+

i ⊂ L
+
i .

This finishes the proof of the recursion and proves the lemma.

Let us recall that since H̆d
k is “semi-stable”, irreducible components of H̆d

k are smooth over k.
The lemma is the following:

Lemma 5.5. — Let Y be a scheme locally of finite type over k. Suppose that Y =
⋃
i∈I Ui an

open cover such that for every i ∈ I, Ui is an open in

Spec
k[x0, . . . , xn]

⟨x0 · · ·xm⟩
.

Then any irreducible component of Y is smooth over k. In particular, any irreducible component
of H̆d

k is smooth over k.

Proof. — We can reduce the claim to Y = Spec k[x0,...,xn]
⟨x0···xm⟩ where if X ⊂ Y is an irreducible

component then there is i = 0, . . . ,m such that xi = 0 on X so that

X ⊆ Spec k[x0, . . . x̂i, . . . , xn].

Since the right-hand side is irreducible, the inclusion is an equality and X is smooth over k.

We now pin-down the irreducible components of Hd
k as the closures of the H{η}

k . Let η ⊂ Ed
be an O-lattice, define

Hη
k := H{η}

k ⊂ H̆d
k

Let us begin with a moduli description of Hη
k.

Proposition 5.6. — Let η ⊂ Ed be a lattice and let i be its logarithmic index. Let R ∈ Algk,
then

Hη
k(R) = {(λ, L, u, r) ∈ Hd

k(R) | λi = η}.
where λi 7→ λi is given by Proposition 3.4.

Proof. — Write Z for the moduli problem on the right-hand side. Then Z is a closed subfunctor
of H̆d

k, since it is closed under specialization , hence it is representable by a closed subscheme

of H̆d
k. Moreover, by definition, H{η}

k ⊂ Z.

Let us show that H{η}
k is dense in Zηk . Let x ∈ Z, set A = OZ,x the local ring of Z at x

and let (λ, L, u, r) be the universal object over A. Then define A′ to be the localisation of A at
the ideal generated by the sections Πj for j ̸= i (i.e. inverting the xj for j ̸= i in (3.8)) which

defines a generalization y ∈ Z. By definition, we get that y ∈ H{η}
k . Hence the natural inclusion

Hη
k ↪→ Z is an isomorphism.
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Corollary 5.7. — For every O-lattice η ⊂ Ed, Hη
k is an irreducible proper smooth scheme

over k and

H̆d
k =

⋃
η∈B̆Td[0]

Hη
k.

In particular, η 7→ Hη
k is a bijection between B̆T d[0] and irreducible components of H̆d

k

Proof. — First, recall that in a topological space, a set is irreducible if and only if its closure

is irreducible (cf. [14, Chapitre II, §4 1 Proposition 2]). Hence, Hη
k is irreducible if H{η}

k is

irreducible which is an open subset of the affine space Ad−1
k by (3.8)). Thus, Hη

k is irreducible.

Since the Hη
k clearly cover H̆d

k by Proposition 5.6, we deduce the last claim that every irreducible

component of H̆d
k is of the form Hη

k for some O-lattice η ⊂ Ed ; it is clear that two distinct
lattices give two distinct components.

We justify that Hη
k is of finite type over k. We have

Hη
k ⊂

⋃
η∈∆

H∆
k ,

where the union is over the simplices ∆ ∈ B̆T d such that η ∈ ∆. But this union is finite since
the set of simplices ∆ containing η as a lattice is finite(30). First, by Lemma (3.16), H∆

k is open
inside an affine scheme of finite type over k, hence it is of finite type over k. Thus the finite
union is of finite type over k and since Hη

k is closed inside this finite union, it is of finite type
over k ([42, Proposition 6.3.4 i)]).

To prove that Hη
k is proper over k, we only need to show that it satisfies the valuative criterion

(cf. [38, Théorème 7.3.8]). By Lemma 5.4, H̆d
k satisfies the valuative criterion and since Hη

k is

closed in H̆d
k, it also does. This concludes the proof of the corollary.

5.1.3. Irreducible components as Deligne–Lusztig varieties. —
Lemma 5.8. — There is a natural GL(η)-equivariant isomorphism

H{η},pf
k

∼= Y η,pf
k .

Proof. — We construct morphisms u : Y η,pf
k → H{η},pf

k and v : H{η},pf
k → Y η,pf

k that are inverse to
one another. Let R ∈ Perfk. We write η̄ := η/ϖ and for D ⊂ η⊗OWO(R), D̄ := D/ϖ ⊂ η̄⊗OR.

Let x = (Dj)j ∈ Y η,pf
k (R), we set

L(x) :=
Di

σ−1(Di−1)
.

and define u(x) := (η → L(x)) where the map is the natural one. To check that u(x) ∈
H{η},pf
k (R) we need to show:

∀s ∈ SpecR, η̄ → L(x)⊗R k(s) is injective.

We can suppose R = k(s) the residue field at s ∈ SpecR. We need to show that

η ∩ σ−1(Di−1) = σ−1(η ∩Di−1) = 0

(30)Indeed, if η′ ∈ ∆, then ϖη ⊊ η′ ⊊ ϖ−1η so we have an injection

{∆ ∈ B̆Td | η ∈ ∆} ↪→ P(P(ϖ−1η/ϖη)),

where ϖ−1η/ϖη ∼= (O/ϖ2)d is a finite set and P( · ) is the set of subsets of a set.
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Hence by Nakayama lemma it is enough to show η̄ ∩ D̄i−1 = 0. Recall that, by definition, for
v1 ∈ D̄i−d+1 a non-zero vector, {σl(v1)}0⩽l⩽d−1 is a basis of η̄ ⊗O R and {σl(v1)}0⩽l⩽d−2 is a
basis of D̄i−1. Let v ∈ η̄ ∩ D̄i−1, which we can write as

v =
d−2∑
l=0

alσ
l(v1), for a0, . . . , ad−2 ∈ R.

Since v ∈ η̄, we get σ(v) = v, hence:

v =

d−2∑
l=0

alσ
l(v1) =

d−2∑
l=0

σ(al)σ
l+1(v1) = σ(v).

By linear independence of {σl(v1)}0⩽l⩽d−1, this means that a0 = 0 and, for l ∈ J0, d− 2K, al =

σl(a0) = 0. Thus v = 0 and this shows that u(x) ∈ H{η}
k (R). The morphism u : Y η,pf

k → H{η},pf
k

is well defined.
Let y = (η → L) ∈ H{η}

k (R) and set

v(y) := D̄i−1 = σ(σ∗ Ker(η ⊗O R→ L)) ∈ Pd−1
k (R)

We fix an isomorphism η̄ ∼= kdE . Using 5.3, to show that v(y) ∈ Y η̄
k , we need to show that Di−1

does not contain any kE-rational line. Let z ∈ Di−1 be such that σ(z) = z, we will show that
z = 0. Consider the finitely generated R-module N := Rz, to show that it is 0, we only need
to show that all its localisations at maximal ideals of R are zero: hence, by Nakayama lemma,
we can suppose that R = k(s) is a field. Since (η̄ ⊗kE k(s))σ = η̄, by Galois descent (cf. [13,
Chapitre 5, §10, 4 Proposition 6 Corollaire]) z ∈ η̄, thus

z ∈ Di−1 ∩ η̄ = σ(σ∗ Ker(η → L)) = Ker(η → L) = 0,

hence z = 0. We get v(y) ∈ Y η,pf
k (R) and the morphismv : H{η}

k → Y η,pf
k is well defined.

It is clear that the two maps u and v are inverse of one another and it only remains to prove
that v is GL(η)-equivariant. Let g ∈ GL(η), then

g : y = (η
φ−→ L) 7−→ g · y = (η

φ◦g−1

−−−−→ L)

and since Ker(φ ◦ g−1) = g ·Ker(φ) we get that v(g · y) = g · v(y).

Remark 5.9. — The way the morphism is constructed in Lemma 5.8 makes this isomorphism
compatible with specialization on Drinfeld’s moduli space and this definition only makes sense
for the perfected version. Note that the composition of the map

v : H{η},pf
k → Y η,pf

k ,

with F−1 defines a map which descends to the unperfected schemes, and defines an isomorphism

v′ : H{η}
k

∼−→ Yk.

Proposition 5.10. — There exists a unique isomorphism Xη,pf
k

∼−→ Hη,pf
k making the following

diagram commute

Y η,pf
k H{η},pf

k

Xη,pf
k Hη,pf

k

∼

∼

Moreover, this isomorphism is GL(η)-equivariant.

Proof. — By Remark 5.9, it is enough to prove the unperfected version of the proposition by
composing with F−1. We are going to use the following standard lemma:
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Lemma 5.11. — Let X,X ′ be irreducible smooth proper schemes over k and let U ⊂ X and
U ′ ⊂ X ′ be dense open subschemes. Suppose we have an isomorphism f : U

∼−→ U ′. Then there
exists a unique isomorphism g : X

∼−→ X ′ extending f , in the sense that the following diagram

U U ′

X X ′

f

g

commutes.

Proof. — We first prove existence and uniqueness of the morphism g : X → X ′ extending f .
We still write f : U → U ′ → X ′ for the composition. Let G ⊂ X ×k X ′ be the closure of the
graph of f and write π : G → X for the projection on the first factor. For g to exist (and be
unique) we need to show that π is an isomorphism. But by the hypothesis π is proper and
birational. Hence, since X is irreducible and X ′ is normal and integral, π is an isomorphism by
Zariski’s main theorem (cf. [40, Lemme 8.12.10.1]).

We now prove that g is an isomorphism. By exchanging the roles of X and X ′ we get a unique
morphism g′ : X ′ → X extending f−1. But g ◦ g′ (resp. g′ ◦ g) is the identity when restricted to
U (resp. U ′). By the preceding uniqueness property applied to X = X ′, this proves that g′ is
the inverse of g and thus that it is an isomorphism.

Note that the lemma also provides the GL(η)-equivariance.

Let r ∈ J0, d− 1K and ∆ ∈ BT d[r] an r-simplex. Using Proposition 5.10 we get the following:

Corollary 5.12. — For any η ∈ ∆ the isomorphism fη : Hη,pf
k
∼= Xη,pf

k identifies
⋂
η∈∆Hη,pf

k

with the closed subscheme X∆,pf
k defined, for R ∈ Perfk, by

X∆,pf
k (R) := {(Dj)j ∈ Xη,pf

k (R) | ∀ηi ∈ ∆, Di = ηi ⊗O WO(R)}.

5.2. Critical indices over perfect algebras. — In this subsection, we prove the following
theorem:

Theorem 5.13. — Let S be an irreducible perfect scheme over k and X a special formal
OD-module over S. Then X admits a critical index.

5.2.1. Subscheme of critical indices. — We define the subscheme of Mk of special formal OD-
modules locally having a critical index. For R ∈ Algk we define

Mcrit
k (R) :=

{
(X, ρ) ∈ Mk(R) | ∀S ⊂ SpecR irreducible,

XS admits a critical index

}
.

Lemma 5.14. — The functor on k-algebras R 7−→ Mcrit
k (R) is representable by a closed sub-

scheme Mcrit
k ⊂ Mk.

Proof. — We only need to check that the condition defining Mcrit
k is closed, since a closed

immersion is relatively representable. Let Xuniv → Mk be the universal special formal OD-
module and for every i ∈ Z/d, Li := Lie(Xuniv)i is an invertible sheaf on Mk. Then Π ∈ OD

defines an morphism

Πi : Li → Li+1

and hence defines a section Πi ∈ H0(Mk,Li+1 ⊗ L ∨
i ). Let V (Πi) be the zero locus of this

section, which defines a closed subscheme of Mk and thus the finite union

Mcrit
k =

⋃
i∈Z/d

V (Πi)

is a closed subscheme in Mk.
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Since special formal OD-modules have critical indices over fields of characteristic p (cf. Lemma
2.3) we get the following corollary:

Corollary 5.15. — The morphism Mcrit
k ↪→ Mk is a universal homeomorphism.

Proof. — By lemma 5.14 the map Mcrit
k → Mk is a closed immersion. Hence it is universally

injective and integral and to show that it is a universal homeomorphism we only need to show
that it is surjective (cf. [62, 04DF]). Let κ/k be a field extension, which is a field of characteristic
p, and let (X, ρ) ∈ Mk(κ). Then by Lemma 2.3, X has a critical index and thus (X, ρ) ∈ Mcrit

k (κ).
This means that Mcrit

k → Mk is surjective on points. This finishes the proof.

5.2.2. Perfect subscheme of critical indices. — We now prove theorem 5.13. We let Mcrit,pf
k

be the perfection of Mcrit
k . Using corollary 5.15 and the fact that universal homeomorphism

between perfect schemes are isomorphisms, we get the result:

Corollary 5.16. — The natural map Mcrit,pf
k → Mpf

k is an isomorphism.

Proof. — We give two different proofs of the statement:

• The first proof is more elementary. We know that f : Mcrit,pf
k → Mpf

k is a closed immersion; let
I be the ideal sheaf defining it. Since this closed immersion is bijection on points by corollary

5.15 we deduce that I is a nilpotent ideal. But since Mpf
k is perfect, hence reduced, I = 0,

which implies f is an isomorphism. Note that we only used the claim contained in 5.15 that
f is a bijection on points.

• The second proof is more conceptual. By [9, Lemma 3.8] we know that a universal homeomor-

phism between perfect schemes is an isomorphism. Hence by corollary 5.15 Mcrit,pf
k → Mpf

k is
an isomorphism.

Remark 5.17. — Note that this does not mean that an SFD over a perfect scheme has a
critical index. But if X is an SFD over a perfect scheme S and if for i ∈ Z/d we write Si ⊂ S
for the closed subscheme where i is critical then S =

⋃
i∈Z/d Si. In particular, if S is irreducible,

X has a critical index which proves Theorem 5.13.

5.3. Lattice subschemes. — In this subsection, we define lattice subschemes of Mpf
k and

prove that they are represented by certain subschemes of flag varieties, given as compactifications
of Deligne–Lusztig varieties.

5.3.1. Definition. — Let R ∈ Perfk, (X, ρ) ∈ Mk(R) and let M = MO(X) be the special
Cartier R-module associated to X.

For i ∈ Z, let ri be the composition

(5.4) ri : Mi →Mi ⊗Zp Qp
ρ−1

−−→Mi ⊗Ŏ WO(R)Qp

ιi⊗id−−−→ Ed ⊗O WO(R)

where:

• the first map is the natural map Mi ↪→ Mi ⊗Zp Qp which is an inclusion since WO(R) is
torsion-free as R is perfect,

• the second map is the morphism on rational Cartier modules given by the inverse of the
quasi-isogeny ρ : X⊗k R/p→ X ⊗R R/p ; it is thus an isomorphism,

• the last map is the isomorphism ιi : η
i ⊗O E

∼−→ Ed, defined in paragraph 2.2.3 given by g−iΠ ,
tensored with WO(R) which defines an isomorphism.

We get an injective WO(R)-linear morphism ri : Mi ↪→ Ed ⊗O WO(R). We get the following
lemma on these maps:
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Lemma 5.18. — The following diagrams commute:

Mi Mi+1

Ed ⊗O WO(R)

Π

ri ri+1
,

Mi σ∗Mi+1

Ed ⊗O WO(R) Ed ⊗O σ
∗WO(R)

V

ri σ∗ri+1

(id⊗σ−1)

Proof. — The first diagram commutes because

ιi+1 ◦Π = gΠ ◦ ιi+1 = ιi,

Now for the other diagram, recall that on M, V = Π ◦ (id⊗ σ−1) so by the first diagram

(ι⟨i+1⟩ ⊗ id) ◦V = ι⟨i⟩ ⊗ σ−1,

so since ρ−1 ◦ V = V ◦ ρ−1, we get

σ∗ri+1 ◦ V = (ι⟨i+1⟩ ⊗ id) ◦V ◦ ρ−1 = (ι⟨i⟩ ⊗ σ−1) ◦ ρ−1 = (id⊗ σ−1) ◦ ri.

Remark 5.19. — By Remark 3.3, the map ri is GLd(E)-equivariant in the sense that for
g ∈ GLd(E),

ri ◦ g = g ◦ ri+v,
where v = vϖ(det(g)).

Definition 5.20. — Let η ⊂ Ed be a O-lattice and let i ∈ Z be its index. We define Mη
k as a

subfunctor of M̆pf
k defined on perfect k-algebras by

R ∈ Perfk 7−→ Mη
k(R) :=

{
(X, ρ) ∈ M̆pf

k (R) |MO(X)i
ri−→
∼
η ⊗O WO(R)

}
.

Since Mη
k is defined by a closed subfunctor of a representable functor it is itself representable

by a closed subscheme of M̆pf
k . Using theorem 5.13, we get the following corollary :

Corollary 5.21. —

M̆pf
k =

⋃
η∈B̆Td[0]

Mη
k.

Proof. — Let x = (X, ρ) ∈ Mpf
k and let h = height ρ. After replacing x by a suitable specializa-

tion, we may assume that it lies on an irreducible component. Let M = MO(X) be the Cartier
module of X. By Theorem 5.13, X has a critical index i ∈ Z/d and let ηi := MΠ=V

i ⊂ ηi

defined by Lemma 2.20. Let i′ ∈ Z be the unique lift of i such that i′ ∈ Jh − d + 1, hK, and
η = ιi′(η

i) ⊂ Ed. Then
ri′ : Mi

∼= η ⊗O WO(R),

and x ∈ Mη
k.

5.3.2. Constructing the morphisms. — In this paragraph we construct morphisms

Mη
k

fη−⇀↽−
gη

Xη,pf
k

which will be inverse to one another. We simply write f = fη and g = gη in the proof.

We first define the map f : Mη
k → Xη,pf

k . Let R ∈ Perfk and let x = (X, ρ) ∈ Mη
k(R). Let

M = MO(X) be the special Cartier R-module associated to X and for j ∈ Z set

(5.5) Dj(x) := rj(Mj) ⊂ Ed ⊗O WO(R).

By definition, Di(x) = η ⊗O WO(R).

Lemma 5.22. — Let R ∈ Perfk and x = (X, ρ) ∈ Mη
k(R). Then D(x) := (Dj(x))j ∈ Xη,pf

k (R).

In other words, the map x 7→ D(x) defines a morphism f : Mη
k → Xη,pf

k .
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Proof. — We first show that D(x) = (Dj)j ∈ F ℓpfη (R). We write M = MO(X) the special
Cartier R-module of X and W = WO(R).

For j ∈ Z, let Pj := Mj+1/ΠMj . Using the first diagram of lemma 5.18 and the exact
sequence

0→Mj
Π−→Mj+1 → Pj → 0,

we get an inclusion rj(Mj) ⊂ rj+1(Mj+1) whose quotient is naturally identified with Pj . Recall

by Lemma 2.13 that Pj is a locally free R-module of rank 1. Hence D(x) ∈ F ℓpfη (R).

To check that D(x) ∈ Xη,pf
k (R), we use the second diagram of lemma 5.18. Let j ∈ Z,

applying rj to Mj
V−→ σ∗Mj+1 we get

rj(Mj)
(1⊗σ−1)−−−−−→ rj+1(σ

∗Mj+1) = σ∗rj+1(Mj+1).

Rewriting this, we get Dj ⊂ σ(σ∗Dj+1), which proves that D(x) ∈ Xη,pf
k (R).

Remark 5.23. — Tracing the action of V in the proof, note that for x = (X, ρ) ∈ Mpf
k (R), we

get that
Lie(X)i ∼= Di/σ

−1((σ−1)∗Di−1),

and because η ⊗O WO(R) = Di the natural map η → Di/σ
−1((σ−1)∗Di−1) coincides with the

composition η
ri−→Mi → Lie(X)i.

We now define a map g : Xη,pf
k → Mη

k. Let R ∈ Perfk and let y = (Dj)j ∈ Xη,pf
k (R). We have

maps

η ⊗O R
mod ϖ←−−−−−− η ⊗O WO(R)

ι−1
j ⊗id
−−−−→Mj ⊗Ŏ WO(R)Qp .

Set for j ∈ Z,
Mj = Mj(y) := (ιj ⊗ id)−1(Dj).

Note that Mj = Mj+d so that the index can be considered j ∈ Z/d. Then M = M(y) :=⊕
j∈Z/dMj is a Z/d-graded WO(R) submodule of M ⊗O WO(R)Qp . Notice that the natural

inclusion induces an isomorphism

s(y)−1 : M(y)⊗Zp Qp
∼−→M⊗O WO(R)Qp .

We now define V,Π on M .

• The inclusion Dj ⊂ Dj+1 defines a WO(R)-linear map Πi+j : Mi+j → Mi+j+1 which defines

Π = Π(y) : M →M . Because Dj = ϖDj+d, we get that Πd = ϖ.

• Similarly, the injective maps Dj
1⊗σ−1

−−−−→ σ∗Dj+1 defines a WO(R)-linear injective map

V : M → σ∗M , i.e. a degree 1, σ−1-linear injective map V : M →M . Moreover, V dM ⊂ ϖM
so that the action of V is topologically nilpotent. Note that Π and V commute since ΠV
and VΠ are both defined by the natural inclusions Dj ⊂ σ(σ∗Dj+2).

• To define F we will use the relation V F = ϖ. First note that ϖM ⊂ VM since M/VM is
an R-module on which ϖ acts by 0. Since V is injective we can define F := V −1ϖ : M →M
which is a degree −1, σ-linear map commuting with Π and satisfying FV = V F = ϖ.

Hence we have defined M(y) as a Z/d-graded EO(R)-module with an endomorphism Π(y).

Proposition 5.24. — Let R ∈ Perfk and y ∈ Xη,pf
k (R). Then M(y) defines a special Cartier

module. If X(y) is its associated special formal OD-module over R then s(y) defines an OD-
linear quasi-isogeny ρ(y) : X⊗kR/p→ X(y)⊗RR/p. In other words the map y 7→ (X(y), ρ(y))

defines a morphism g : Xη,pf
k → Mη

k.

Proof. — We only need to check that M = M(y) is a special Cartier module. First note
that since R is perfect, M is V -complete since it is ϖ-complete. We only need to check that
for j ∈ Z/d, Mj/VMj−1 is a finite locally free R-module; we will show that Mj is in fact a
finite locally free WO(R)-module which is equivalent to showing that Dj is a finite locally free
WO(R)-module. We will use the following lemma :
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Lemma 5.25. — Let D be a W = WO(R)-module, where R ∈ Perfk. Let n ⩾ 1 be an integer
and suppose that

• D/ϖ is a finite locally free R-module of rank n,

• D ⊂ D
[
1
ϖ

]
and D

[
1
ϖ

]
is a finite free W

[
1
ϖ

]
-module of rank n.

Then D is a finite locally free W -module of rank n.

Proof. — Up to localising, we can suppose D/ϖ and D
[
1
ϖ

]
are free. Let x1, . . . , xn ∈ D be a

lift of a basis of D/ϖ. Then by Nakayama lemma x1, . . . , xn is a generating family of D and we
need to prove it is free. Since, in particular, x1, . . . , xn generates D

[
1
ϖ

]
as a W

[
1
ϖ

]
-module and

D
[
1
ϖ

]
is free of rank n, we deduce that the family x1, . . . , xn is linearly independent in D

[
1
ϖ

]
.

Because D ⊂ D
[
1
ϖ

]
, x1, . . . , xn are linearly independent in D.

First we note that Dj

[
1
ϖ

] ∼= η ⊗O WO(R)[ 1
ϖ

]
is free of rank d over WO(R)

[
1
ϖ

]
so we only

need to check that Dj/ϖ is locally free as an R-module. But since Dj/ϖ is by definition filtered
by d submodules whose successive quotients are projective of rank 1, it is projective of rank d.

It is clear that two maps constructed above are inverse to one another which gives the following
corollary:
Corollary 5.26. — The maps f and g are inverse to each other and define an isomorphism

Mη
k
∼= Xη,pf

k . Moreover, Mη
k
∼= Hη,pf

k .
These isomorphisms are equivariant under the action of GLd(E):

Lemma 5.27. — The isomorphism fη is GL(η)-equivariant.
Moreover, if g ∈ GLd(E), then

g ·Mη
k = Mgη

k , g ·Hη
k = Hg·η

k ,

and fgη ◦ g = g ◦ fη.

Proof. — This is an immediate consequence of the GLd(E)-equivariance of ri given by remark
5.19 and the GLd(E)-equivariance of the isomorphism Xη

k
∼= Hη

k from Proposition 5.10.

5.4. Gluing lattice subschemes. — In this subsection we will glue the isomorphisms fη
into an isomorphism, getting the following proposition which concludes the proof of theorem
5.1

Proposition 5.28. — There exists a unique GLd(E)-equivariant isomorphism f : M̆pf
k

∼−→ H̆d,pf
k

such that for any lattice η in Ed

f
∣∣
Mη

k
= fη : Mη

k → Hη,pf
k .

5.4.1. Gluing isomorphisms. —
Lemma 5.29. — Let X be a scheme and X1, X2 ⊂ X be two closed subschemes such that
X = X1 ∪ X2. Let Z = X1 ∩ X2, then Z is the fibered pushout of X1 and X2 along Z, i.e.
X = X1 ⊔Z X2.

Proof. — Let I1, I2 ⊂ OX be the ideals defining X1 and X2 respectively. Then Z is defined by
I := I1 + I2 and since X is covered by X1 and X2 we have I1 ∩ I2 = 0. It suffices to show that
the diagram of OX -modules

OX OX/I1

OX/I2 OX/I
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is cartesian which can be checked on rings. The claim then becomes that for a ring A and
I1, I2 ⊂ A ideals, setting I = I1 + I2, I

′ = I1 ∩ I2 the following sequence

0→ A/I ′ → A/I1 ⊕A/I2 → A/I → 0

is exact, which can immediately be checked.

Corollary 5.30. — Let I be a countable set and X and Y be schemes such that

X =
⋃
i∈I

Xi, Y =
⋃
i∈I

Yi

where, for every i ∈ I, Xi and Yi are respectively closed in X and Y . Suppose that for every
i ∈ I we have isomorphisms fi : Xi

∼−→ Yi such that for any j ∈ I, fi
∣∣
Xi∩Xj

= fj
∣∣
Xi∩Xj

. Then

there exists a unique isomorphism f : X
∼−→ Y such that for every i ∈ I, f

∣∣
Xi

= fi.

Proof. — By induction, we only need to prove this for I = {1, 2} which is straightforward using
the previous lemma. Since we have maps fi : Xi → Yi → Y which coincide on X1 ∩ X2, the
pushout property gives a map f : X → Y . By exchanging X and Y we get g : Y → X. By the
uniqueness of the pushout these maps are inverses of one another.

To get the morphism of Theorem 5.1, we need the following lemma, which is a consequence
of Corollary 5.12 and the definition of fη in (5.5):

Lemma 5.31. — Let η, η′ ∈ B̆T d[0] be two lattices, then

fη
∣∣
Mη

k∩M
η′
k

= fη′
∣∣
Mη

k∩M
η′
k

.

This defines a morphism

f : M̆pf
k → (H̆d

k)
pf .

Finally, we need to check that this morphism is GLd(E)-equivariant, which is a consequence of
the uniqueness and Lemma 5.27.

Corollary 5.32. — The morphism f is GLd(E)-equivariant.
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6. End of proof

6.1. The specialization morphisms. — The final theorem we need to prove is the compat-
ibility of the specialization maps:

Theorem 6.1. — The specialization morphisms spDr : |MĔ | → |Mk| and spH : |Hd
Ĕ
| → |Hd

k| are
compatible in the sense that the following diagram commutes:

|MĔ | |Hd
Ĕ
|

|Mk| |Hd
k|

π

spDr spH

where the top isomorphism is given by theorem 4.1 and the bottom isomorphism by theorem 5.1.

One feature that makes the proof of this theorem particularly easy is that we only need to
check it on classical points. Let K/Ĕ be a finite extenson of valued fields and let OK ⊂ K be
its ring of integers. We write ϖK ∈ OK the uniformizer of K and mK ⊂ OK the maximal ideal
it generates.

6.1.1. The specialization morphisms. — We first describe the specialization morphism for
MDr: spDr : |MĔ | → |Mk|. Let x = (X, ρ) ∈ MĔ(K) =MDr(OK)

Then the value of the specialization spDr on x is given by

spDr(x) = (X/mK , ρ/mK) ∈ Mk(k)

where X/mK := X ⊗OK
k and ρ/mK := ρ⊗OK

k : X 99K (X/mK) is the quasi-isogeny obtained
by applying ⊗OK

k to ρ.
We now describe the specialization morphism for Hd

Ŏ
: spH : |Hd

Ĕ
| → |Hd

k|. Let x ∈ Hd
Ĕ

(K) =

Hd
Ŏ

(OK) which corresponds to data (η, L, u, r) over the local ring OK . The value of the special-

ization spH on x is given by

spH(x) = (η, L⊗OK
k, u⊗OK

k, r) ∈ Hd
k(k)

Let ∆ = {ηi1 , . . . , ηir} be a simplex in B̆T d, the specialization map restricts to H∆
O in the obvious

way:

spH∆
O

: (ηij
φij−−→ Lij )j 7−→ (ηij

φij
/mK

−−−−−→ Lij ⊗OK
k)j

where φij/mK : v 7→ φij (v) mod mK .

Remark 6.2. — Let us comment on how the specialization map behaves under the isomor-
phism

Hd
Ĕ
∼= Pd−1

Ĕ
\

⋃
H∈HE

H

of Proposition 3.17. Let x ∈ Pd−1

Ĕ
\
⋃
H∈HE

H be a K-valued point. Then x corresponds to an

injective map

x : Ed ↪→ K.

Let ∆ = {ηi1 , . . . , ηir} be the simplex associated to ∥·∥x, which according to Lemma 3.18 fits
into a diagram of the form (ηij → m

nj

K )j where nj ∈ N. We then have

spH(x) = (ηij → m
nj

K /m
nj+1
K )j ∈ H∆

k (k)

6.1.2. Matching the specialization morphisms. — The main lemma describing the compatibil-
ity between the specialization morphisms is the following:

Lemma 6.3. — Let K/Ĕ be a finite extension with ring of integers OK ⊂ K and maximal
ideal mK ⊂ OK . Let G be a ϖ-divisible O-module over OK and let hG : DO(Gk) → Lie(G) be
the map defined by the Hodge filtration on DO(G) ⊂ DO(G)OK

. Then the following diagram
commutes:
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DO(Gk) Lie(G)

Lie(Gk)

hG

mod V
mod mK

In particular, Lie(Gk) = Lie(G)⊗OK
k.

Proof. — First notice that Lie(Gk) ∼= Lie(G) ⊗OK
k by functoriality of the Lie algebra and

DO(G)k ∼= DO(Gk)k by functoriality and the crystal property of DO(G). By functoriality of the
Hodge filtration we get a diagram

DO(G)OK
Lie(G)

DO(Gk)k Lie(Gk)

hG

mod mK

hGk

which rewrites to

DO(Gk) Lie(G)

DO(Gk)⊗ k Lie(Gk)

hG

mod mK

hGk

.

We check that the diagonal dashed arrow is given by the reduction mod V . First, note that by
[7, Proposition 4.3.9]

hGk
= modV, DO(Gk)⊗O k = DO(Gk[ϖ]).

Moreover, the dashed map is defined by the composition

DO(Gk)
mod ϖ−−−−−−→ DO(Gk)⊗Ŏ k

mod V−−−−−→ Lie(Gk)

which is given by the reduction modulo V since ϖDO(Gk) ⊂ V DO(Gk), which concludes the
proof.

Let us now describe the isomorphisms on (classical) points. As usual, we can restrict to
MDr, i.e. suppose the height of the quasi-isogeny is = 0. Let x = (X, ρ) ∈ MDr(OK), and set
Xk := X ⊗OK

k its reduction mod ϖ. Let M = DO(Xk) be the Dieudonné module of Xk and
let C̄ := {̄i0, . . . , īr} ⊂ Z/d be the set of critical indices of Xk. For any i ∈ C̄ we set

ηi := MΠ=V
i ⊂Mi

the finite free O-module given by lemma 2.20. Consider C ⊂ J0, d− 1K the unique lift of C̄ and
order this set increasingly, i.e. C = {i1, . . . , ir}. For any ij ∈ C let

ηij := rij (η
ij ) ⊂ Ed,

where rij is defined in (5.4) and depending on ρ. This defines a simplex ∆ = {ηi0 , . . . , ηir} ∈
B̆T d[r].

For the special fiber, the reduction mod mK of x defines a point x̄ ∈ Mk, and the following
proposition gives its image under f :

Proposition 6.4. — Through the map f : |Mk| → |Hd
k|, the point x̄ ∈ Mk(k) is sent to

f(x̄) = (ηij → Lie(Xk)ij )j ∈ |Hd
k|,

given for i ∈ C by the composition ηi
r−1
i−−→Mi

mod V−−−−−→ Lie(Xk)i.

Proof. — We need to trace back the isomorphisms Mη
k
∼= Xη

k and Xη
k
∼= Hη

k which is done in
Remark 5.23 for one critical index. Using Lemma 5.31 giving the gluing and Corollary 5.12 we
get the result for several critical indices.

For the generic fibers, x defines a classical point x̃ ∈ MĔ , and the following proposition gives
its image under π:
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Proposition 6.5. — Through the period map π : |MĔ | → |H
d
Ĕ
|, the point x̃ ∈ MĔ(K) is sent

to

π(x̃) = (ηij → Lie(X)ij ⊗OK
K)j ∈ |Hd

Ĕ
|,

given for i ∈ C by the composition ηi
r−1
i−−→Mi

hX,i−−→ Lie(X)i.

Proof. — By the definition of the period morphism in §4.4.1 and Remark 6.2, π(x̃) is of the
form

π(x̃) = (λij → Lie(X)ij ⊗OK
K),

where (λij )j is the chain of lattices determined by the OK-lattices

Lie(X)ij ⊂ Lie(X)ij ⊗OK
K.

By uniqueness of these lattices given by Lemma 3.18, we deduce that λi = ηi for i ∈ C.

6.2. Lourenço–Scholze theorem. — In this section, we recall the main ingredient of the
proof, namely that a flat normal formal scheme is determined by its generic fiber, perfectized
special fiber and specialization morphism. Let D be the category of triples (X,Y, f) where:

• X is a rigid space over Ĕ,

• Y is a perfect scheme over F̄p,
• f : |X| → |Y | is a continuous map between topological spaces, where |X| denotes the space

of classical points of X.

Also, let C be the category of formal schemes over Ŏ that are flat, normal and topologically
formally of finite type. Then, we have a natural functor F : C → D given, for X an object in C,
by

F (X) := (XĔ ,X
pf
F̄p
, spX),

where

• XĔ is the rigid space over Ĕ associated to X,

• Xpf
F̄p

is the perfection of the special fiber of X,

• spX : |XĔ | → |XF̄p
| is the specialization morphism.

The theorem is the following [52, Corollary 4], [61, Theorem 18.4.2]:

Theorem 6.6. — The functor F is fully faithful.

As a corollary, Theorem 1.1 follows from Theorem 4.1, Theorem 5.1 and Theorem 6.1. Note
that the compatibility between the actions of GLd(E) comes from the functoriality of F .

Let us explain the proof of 6.6. The proof in our case is fairly easy and the work done in [52]
is mainly to extend this to pseudo-rigid spaces. Let c = (X,Y, p) be an object of D and define
the ringed space

Xc := (|Y |, p∗O◦
X),

where O◦
X ⊂ OX is the subsheaf of power-bounded elements of OX . We need to check that if

c = F (X) for X an object of C, then X ∼= Xc as a ringed spaces, which proves that c 7→ Xc is a
quasi-inverse of F , defined on the essential image of F . Locally, this reduces to the following
lemma:

Lemma 6.7. — Let A+ be a topologically finitely generated algebra over Ŏ which is normal
and flat over Ŏ. Let A := A+[1/p], then the subring of power bounded elements of A is A+, i.e.
A◦ = A+.
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Proof. — The argument is classical, we quickly recall it. First note that flatness ensures that
A+ ⊂ A is a subring of definition (meaning that it is an open and bounded subring). Moreover,

A+ ⊂ A◦, since any element of A+ is power bounded. Now since A+ is normal over Ŏ this
implies that A+ is integrally closed in A. Hence we just need to show that any element of A◦

is integral over A+.
For this, let x ∈ A◦. By definition, there exists an integer N ⩾ 0 such that for any m ∈ N,

xm ∈ p−NA+. Hence A+[x] ⊂ p−NA+. But because A+ is noetherian, A[x] is a finite A+-
module since p−NA+ is a finite A+-module, which means that x is integral, thus x ∈ A+.

6.3. Weil descent. — Let us explain how the Weil descent datum on M̆Dr is transported
through the isomorphism and why the GLd(E) invariance suffices to get the compatibility with
Weil descent datum. Through the isomorphism of theorem 1.1, translation by 1 on Z in (1.2)
corresponds with

(X, ρ) 7−→ (XΠ,Π−1ρ)

on M̆Dr, where XΠ is the SFD associated to X obtained by conjugating the action of OD

by Π. In particular, XΠd ∼= X and the Weil descent datum is given by (X, ρ) 7→ (X,ϖ−1ρ).
This means that if we consider ϖ ∈ GLd(E) as the scalar matrix, then the quotient of the
isomorphism in theorem 1.1 by the discrete subgroup ϖZ ⊂ GLd(E):

M̆Dr/ϖ
Z ∼= H̆d

Ŏ
/ϖZ = (Hd

O × Z/d)⊗O Ŏ,

can be descended to a GLd(E)-equivariant isomorphism between Hd
O×Z/d and the model over

O of M̆Dr/ϖ
Z defined in [56, Theorem 3.49]. Thus, the compatibility with the Weil descent

datum is essentially a consequence of the GLd(E)-equivariance.
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(2006).

[15] J.-F. Boutot and H. Carayol. p-adic uniformization of Shimura curves: the theorems of Cherednik
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[23] P. Colmez, G. Dospinescu, and W. Nizio l. Cohomology of p-adic Stein spaces. Invent. Math.,
219(3):873–985 (2020).

[24] P. Colmez, G. Dospinescu, and W. Nizio l. On the geometrization of the p-adic local Langlands
correspondence. In Proceedings of the International Conference of Basic Science 2024, pages 92–
102. International Press (2025).

[25] J.-F. Dat. Nonabelian Lubin–Tate theory and elliptic representations. Invent. Math., 169(1):75–152
(2007).
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de schémas (deuxième partie). Publ. Math. IHÉS, 24:1–231 (1965).
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